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Abstract. In this paper, we study the noncommutativc balls 

C p := {(X 1 ,...,X n ) £ B(H) n : w p (Xi, ■ ■ ■ , X n ) < 1}, p 6 (0, oo], 

where io p is the joint operator radius for n-tuplcs of bounded linear operators on a Hilbert space. In 
particular, wi is the operator norm, u)2 is the joint numerical radius, and oJqq is the joint spectral radius. 

We introduce a Harnack type equivalence relation on C p , p > 0, and use it to define a hyperbolic 
distance 8 p on the Harnack parts (equivalence classes) of C p . We prove that the open ball 

[C p ]<i := {(Xi,...,X n ) e B(H) n : Up(Xi, . . . , X») < 1}, p > 0, 
is the Harnack part containing and obtain a concrete formula for the hyperbolic distance, in terms of 
the reconstruction operator associated with the right creation operators on the full Fock space with n 
generators. Moreover, we show that the <5 p -topology and the usual operator norm topology coincide on 
[Cp]<i- While the open ball [C p ]<i is not a complete metric space with respect to the operator norm 
topology, we prove that it is a complete metric space with respect to the hyperbolic metric 5 P . In the 
particular case when p = 1 and H = C, the hyperbolic metric 8 P coincides with the Poincare-Bergman 
distance on the open unit ball of C™. 

We introduce a Caratheodory type metric on [Coo]<i, the set of all n-tuples of operators with joint 
spectral radius strictly less then 1, by setting 

d K {A,B) = sup \\3lp(A) -$lp(B)\\, A,B€ [C 00 ]<i, 
p 

where the supremum is taken over all noncommutative polynomials with matrix-valued coefficients 
p € C[Xi, . . . ,X n ] g> M m , m S N, with Sffip(O) = / and $tp(X) > for all X e C\. We obtain a concrete 
formula for dn in terms of the free pluriharmonic kernel on the noncommutative ball [Coo]<l- We also 
prove that the metric dx is complete on [Coo]<i and its topology coincides with the operator norm 
topology. 

We provide mapping theorems, von Neumann inequalities, and Schwarz type lemmas for free holo- 
morphic functions on noncommutative balls, with respect to the hyperbolic metric 8 P , the Caratheodory 
metric dpc, and the joint operator radius lu p , p £ (0, 00]. 
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Introduction 



In 48], we provided a generalization of the Sz.-Nagy-Foia§ theory of p-contractions (see [54], [55] . 
[56]). to the multivariable setting. An n-tuple (Ti, . . . , T n ) G B{H) n of bounded linear operators acting 
on a Hilbert space Ti belongs to the class C p , p > 0, if there is a Hilbert space K. 2 T~L and some isometries 
Vi E B{K), i = 1, . . . , n, with orthogonal ranges such that 

T a = pP H V a \ H for any a G F+\{# }, 

where is the orthogonal projection of /C onto TL. Here, F+ stands for the unital free semigroup on 



n generators g\, . . . , g n , and the identity go, while T a 



T- T 



■T ik if a = g n g i2 ■ ■ ■ g ik G F+ and 



Tg Q := In, the identity on Tt. 

According to the theory of row contractions (see [56] for the case n = 1, and [16] 
for n > 2) we have 



341 



A, 



^:n 1/2 < i} 



The results in [48] (see Section 4) can be seen as the unification of the theory of isometric dilations for 
row contractions [54], [56], [16], [7], [32], [33], [33] (which corresponds to the case p = 1) and Berger type 
dilations for rt-tuples (Ti, . . . ,T n ) with the joint numerical radius w(Ti, . . . ,T n ) < 1 (which corresponds 
to the case p — 2). 

Following the classical case ([H], [H]), we defined the joint operator radius ui p : B(7i) n — > [0, oo), 
p > 0, by setting 



and LOoo(Ti,... ,T n ) 
the row operator pi 



w p (Ti, . 
lim w p (Ti, 

p — >oo 

T n ], w 2 (Ti, 



T 

i 1 n. 



inf U > 



J 1, . . . , - Jr. 



ti ' t 

,T n ). In particular, u>i(Ti, . . . , T n ) coincides with the norm of 
, T n ) coincides with the joint numerical radius w(T\, . . . , T„), and 



(Ti, . . . ,T„) is equal to the {algebraic) joint spectral radius (see [7], [2"5] ) 

l/2fe 



r(Ti 



,T„) := lim 

fc — >oo 



E 

a|=fc 



T a T* 



where the length of a € F+ is defined by |a| :— if a = go and by |a| := k if a = g^ • • ■ g% k and i\ , . . . , £ 
{1, . . . , n}. In [48j . we considered basic properties of the joint operator radius lu p and we extended to the 
(noncommutative and commutative) multivariable setting several classical results obtained by Sz.-Nagy 
and Foia§, Halmos, Berger and Stampfli, Holbrook, Paulsen, Badea and Cassier, and others (see [2], [3], 

a, 0, mi, in], m, m, isa, and hsd. 

In [4^] . we introduced a hyperbolic metric <5 on the open noncommutative ball [S(7i) n ]i, which turned 
out to be a noncommutative extension of the Poincare-Bergman ([5]) metric on the open unit ball 
B„ := {z G C n : ||z||2 < 1}. We proved that 8 is invariant under the action of the group Aut([B(H) n ]i) of 
all free holomorphic automorphisms of [B(H) n ]i, and showed that the (5-topology and the usual operator 
norm topology coincide on [B(H) n )i. Moreover, we proved that [B(H) n )i is a complete metric space with 
respect to the hyperbolic metric and obtained an explicit formula for 5 in terms of the reconstruction 
operator. A Schwarz-Pick lemma for bounded free holomorphic functions on [B(7i) n ]±, with respect to 
the hyperbolic metric, was also obtained. In [46] , we continued to study the noncommutative hyperbolic 
geometry on the unit ball of B(Ti) n , its connections with multivariable dilation theory, and its impli- 
cations to noncommutative function theory. The results from [49^ and |46] make connections between 
noncommutative function theory (see [41], [32], [SO], [H]) and classical results in hyperbolic complex 
analysis (see [2J, [23], [22], [52], [58]). 

The present paper is an attempt to extend the results [49j concerning the noncommutative hyperbolic 
geometry of the unit ball [B(H) n ]i to the more general setting of [48]. We study the noncommutative 
balls 

[C p ] <1 = {(X u ...,X n )eB{H) n : Lj p (X 1 ,...,X n ) < 1}, pe(0,oo], 
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and the Harnach parts of C p , p > 0, as metric spaces with respect to a hyperbolic (resp. Caratheodory) 
type metric that will be introduced. We provide mapping theorems for free holomorphic functions on 
these noncommutative balls, extending classical results from complex analysis and hyperbolic geometry. 

In Section 1, we consider some preliminaries on free holomorphic (resp. pluriharmonic) functions on 
the open unit ball [B(H) n ]i, and present several characterizations for the n-tuples of operators of class 
C p , p £ (0, oo). We introduce a free pluriharmonic functional calculus for the class C p and show that a von 
Neumann type inequality characterizes this class. In particular, we prove that an n-tuple of operators 
(Ti,...,T n )e B(H) n is of class C p if and only if 

|b(7\,...,T n )|| < ||pp(S 1 ,...,5 n ) + (l-p)p(0)|| 

for any noncommutative polynomial with matrix- valued coefficients p £ C[Zi, . . . , Z n ] (g> M m , m £ N, 
where S±, . . . , S n are the left creation operators on the full Fock space with n generators. 

H 

In Section 2, we introduce a preorder relation -< on the class C p . If A := (Ai, . . . ,A n ) and B := 

(Bi, . . . , B n ) are in the class C p C B(H) n , we say that A is Harnack dominated by B (denote A -< B) if 
there exists c > such that 



Stp(Ai, . . .,A n ) + {p- l)SRp(O) < c 2 [?ftp(B u 



, B„ 



(p - l)«p(0)] 



for any noncommutative polynomial with matrix- valued coefficients p £ C[Xi, . . . , X n ] £5 M m , m £ N, 
such that $lp(X) := ^[p(X)* +p(X)] > for any X £ [B(K,) n )i, where K, is an infinite dimensional Hilbcrt 

H 

space. When we want to emphasize the constant c, we write A< B. We provide several characterizations 



for the Harnack domination on the noncommutative ball C a (see Theorem 



and determine the set of 



all elements in C p which are Harnack dominated by 0. The results of this section will play a major role 

in the next sections. 

h . . H 

The relation -< induces an equivalence relation ~ on the class C p . More precisely, two n-tuples A and 

H H H 

B are Harnack equivalent (and denote A ~ B) if and only if there exists c > 1 such that A-< B and B^, A 

c c 

(in this case we denote A~ B). The equivalence classes with respect to ~ are called Harnack parts of C p . 

c 

In Section 3, we provide a Harnack type double inequality for positive free pluriharmonic functions on 
the noncommutative ball C p and use it to prove that the Harnack part of C p which contains coincides 
with the open noncommutative ball 

[C p ]<! :={{X u ...,X n ) £ B(H) n : u p (X lt ...,X n ) < 1}. 

We introduce a hyperbolic metric 5 P : A x A — > R + on any Harnack part A of C p , by setting 

S P (A,B) := lninf jc > 1 : A%b\ , A,B £ A. 

A concrete formula for the hyperbolic distance on any Harnack part of C p is obtained. When A = [C 
we prove that 



pJ<i> 



5 p (A, B) = In max j 



Cp,AC pj B 



}, A,B£[C P ] <U 



where 



Cp,x '■= & P ,x{I — Rx) ) 

A p ,x := [pI+{l-p)(R* x +Rx) + {p-2)R* x R x ] 1/2 , 

and Rx '■= X* ® R\ + • • • + X* ® R n is the reconstruction operator associated with the right creation 
operators Ri, . . . , R n on the full Fock space with n generators, and X :— (Xi, . . . , X n ) £ [C p ]<i. We recall 
that the reconstruction operator has played an important role in noncommutative multivariable operator 
theory. It appeared as a building block in the characteristic function associated to a row contraction 
(see [33], [IS]) and also as a quantized variable (associated with the n-tuple X) in the noncommutative 
Cauchy, Poisson, and Berezin transform, respectively (see [41] . [44] , [37], [4"8]). 
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In Section 4, we study the stability of the ball C p under contractive free holomorphic functions and 
provide mapping theorems, von Neumann inequalities, and Schwarz type lemmas, with respect to the 
hyperbolic metric 5 P and the operator radius ui p , p G (0, oo]. 

Let / := (fx, . . . , f m ) be a contractive free holomorphic function with ||/(0)|| < 1 such that the 
boundary functions /i , . . . , f m are in the noncommutative disc algebra A n (see |36] , 40 ) . If an n-tuple 
of operators (Ti, . . . , T n ) e B(H) n is of class C p , p > 0, then we prove that, under the free pluriharmonic 
functional calculus, the m-tuple /(Ti, . . . , T n ) G B(H) m is of class C p . , where pf > is given in terms of 
pand/(0). 

One of the main results of this section is the following spectral von Neumann inequality for n-tuples 
of operators. If / := (/i, . . . , f m ) satisfies the conditions above and (Ti, . . . , T„) G B(TL) n has the joint 
spectral radius r(T x , . . . , T n ) < 1, then r(/(T x , . . . , T„)) < 1. 

If, in addition, /(0) = and 8 P : A x A — > [0, oo) is the hyperbolic metric on a Harnack part A of C p , 
then we prove that 

8 p (f(A)J(B))<6 p (A,B), A, Be A. 
In particular, this holds when A is the open ball [C P ]<i- Moreover, in this setting, we show that 

« p (/(Ti, . . . ,T„)) < 1, (T lf . . . ,T„) G [C P ]<i, 
for any p > 0. The general case when /(0) 7^ is also discussed. 

In Section 5, we introduce a Caratheodory type metric on the set of all n-tuples of operators with joint 
spectral radius strictly less then 1, i.e., 

[C 00 ]<i := {(X u . . . , X n ) G S(W) n : r(X 1; . . . ,X n ) < 1}, 

by setting 

d K (A,B) = suppp(A) - 3?p(B)||, 
p 

where the supremum is taken over all noncommutative polynomials with matrix-valued coefficients p € 
C[X h X n ] ® M m , m G N, with SRp(0) = / and $lp(X) > for all X G [B(/C) n ]i. 

We obtain a concrete formula for dx in terms of the free pluriharmonic kernel on the open unit ball 
[Coo]<i- More precisely, we show that 

d K (A,B) = \\P(A,R)-P(B,R)\\, A,B& [C DO ]<i J 

where 

00 00 
P(X,R) Yl x<*®Rl + pl®l + Yl Y, XefCcoU 

fc— 1 |a| — /c— 1 a| — 

and a is the reverse of a G F+. This is used to prove that the metric dx is complete on [Coo]<i and 
its topology coincides with the operator norm topology. We also prove that if / := (/1, . . . , f m ) is a 
contractive free holomorphic function with ||/(0)|| < 1 such that the boundary functions /1, . . . , f m are 
in the noncommutative disc algebra A n , then 

d K (f(A), f(B)) < l±MMd K (A, B), A, Be [C 00 ] <1 . 

As a consequence, we deduce that the map 

[Coo] <1 

is continuous in the operator norm topology. 

In Section 6, we compare the hyperbolic metric S p with the Caratheodory metric dx, and the operator 
metric, respectively, on Harnack parts of the unit ball C p , p > 0. In particular, we prove that the 
hyperbolic metric S p is complete on the open unit unit ball [C P ]<i, while the other two metrics, mentioned 
above, are not complete. On the other hand, we show the <5 p -topology, the d^-topology, and the operator 
norm topology coincide on [C p ]<i. 

In Section 7, we consider the single variable case (n = 1) and show that our Harnack domination for 
p-contractions is equivalent to the one introduced and studied by G. Cassier and N. Suciu in [5] and [TU] , 
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Consequently, we recover some of their results and, moreover, we obtain some results which seem to be 
new even in the single variable case. 

Finally, we want to acknowledge that we were influenced in writing this paper by the work of C. Foias, 
f P~5]t. I. Suciu ([S3]), and G. Cassier and N. Suciu ([DJ, [TDJ) concerning the Harnack domination and the 
hyperbolic distance between two p-contractions. It will be interesting to see to which extent the results of 
this paper, concerning the hyperbolic geometry on noncommutativc balls, can be extended to the Hardy 
algebras of Muhly and Solel (see [26], [27], [H]). 



1. THE NONCOMMUTATIVE BALL C p AND A FREE PLURIHARMONIC FUNCTIONAL CALCULUS 

In this section, we consider some preliminaries on free holomorphic (resp. pluriharmonic) functions 
on the unit ball [B(H) n ]i, and several characterizations for the n-tuples of operators of class C p . We 
introduce a free pluriharmonic functional calculus for the class C p and show that a von Neumann type 
inequality characterizes the class C p . 

Let H n be an n-dimensional complex Hilbert space with orthonormal basis ei, e2, ...,e„, where 
n = 1, 2, . . . , or n — oo. The full Fock space of H n is defined by 

F 2 (H n ) : =Cle0ff® fc , 
fe>i 

where H® k is the (Hilbert) tensor product of k copies of H n . We define the left (resp. right) creation 
operators Si (resp. Ri), i = 1, . . . , n, acting on the full Fock space F 2 (H n ) by setting 

(resp. Riip := cp ® 6j, ip G F 2 (H n )). We recall that the noncommutative disc algebra A n (resp. 7Z n ) 
is the norm closed algebra generated by the left (resp. right) creation operators and the identity. The 
noncommutative analytic Toeplitz algebra F£° (resp. IZ^ ) is the weakly closed version of A n (resp. 7Z n ). 
These algebras were introduced in [36j in connection with a von Neumann type inequality [57j . as non- 
commutative analogues of the disc algebra A(H>) and the Hardy space if 00 (ID). For more information 
on theses noncommutative algebras we refer the reader to [35], [37], [35], [3D], [H], and the references 
therein. 

Let Tt be a Hilbert space and let B(H) be the algebra of all bounded linear operators on H. We 
identify M m (B(Ti)), the set ofmxm matrices with entries from B(Ti), with B{H^ m ^), where Tv- m ' is 
the direct sum of m copies of Ji. If X is an operator space, i.e., a closed subspace of B(7i), we consider 
M m (X) as a subspace of M m (B(Ti)) with the induced norm. Let X, y be operator spaces and u : X — > y 
be a linear map. Define the map u m : M m (X) — > M m {y) by 

^m([*£ij]) ■ — [^(*^i)] - 

We say that u is completely bounded if 

||u|| ch := sup ||u m || < oo. 
m>l 

If ||u||c6 < 1 (resp. u m is an isometry for any m > 1) then u is completely contractive (resp. isometric), 
and if u rn is positive for all m, then u is called completely positive. For basic results concerning completely 
bounded maps and operator spaces we refer to [29] , [31] , and [13] . 

A few more notations and definitions are necessary. If u>,7 £ F+, we say that oj >i 7 if there is 
a G F+\{g } such that id = ja and set u\ij := a. We denote by a the reverse of a £ F+, i.e., 
a = 9i k • • • 9n if en = gi ± ■ ■ ■ gt k € F+. An operator-valued positive semidefinite kernel on the free 
semigroup F+ is a map K : F+ x F+ — * B(H) with the property that for each k £ N, for each choice of 
vectors hi, . . . , in 7i, and 01, ... ,<Jk in F^, the inequality 

k 

^ (K(ai,(Xj)hj,hi) > 



6 



GELU POPESCU 



holds. Such a kernel is called multi-Toeplitz if it has the following properties: K(a, a) = In for any 
a G F+, and 

!K(g ,u>\i<j) iiuj>i<r 
K(a\iuj,ga) if o >i to 
otherwise. 

An n-tuple of operators (Ti, . . . ,T n ), Ti £ B(TL), belongs to the class C p , p > 0, if there exist a Hilbcrt 
space /C 3 Ti and isometries Vi £ B(JC), i = 1, . . . , n, with orthogonal ranges, such that 

T a = pP n V a \ n , a£¥+\{g }, 

where Ph is the orthogonal projection of K, onto TL. If AC = JCt '■= V q gf+ ^a^) then the n-tuple 
(Vi, . . . , V n ) is the minimal isometric dilation of (Ti, . . . ,T„), which is unique up to an isomorphism. 
Note that if (Ti, . . . , T„) £ C p , then the joint spectral radius r(T\, . . . , T n ) < 1, where 

l/2fc 



r(Ti, . . . ,T n ) := lim 



We recall (see Corollary 1.36 from [48]) that [J C p is dense (in the operator norm topology) in the set of 

p>0 

all n-tuples of operators with joint spectral radius r(T\, . . . , T n ) < 1. Moreover, any n-tuple of operators 
with r(Ti, . . . , T n ) < 1 is of class C p for some p > 0. We should add that (see Theorem 5.9 from [43] ) 
(Ti, . . . , T n ) G B(H) n has the joint spectral radius r(Ti, . . . , T n ) < 1 if and only if it is uniformly stable, 



i-e-, II T,\ a \=k T » T a\\ ^ 0, as fc -> oo. 



Since the joint spectral radius of n-tuples of operators plays an important role in the present paper, 
we recall (see [7], [H]) some of its properties. The joint right spectrum oy(Ti, . . . , T n ) of an n-tuple 
(Ti, . . . , T n ) of operators in B(Tl) is the set of all n-tuples (Ai, . . . , A n ) of complex numbers such that 
the right ideal of B(TL) generated by the operators \\I — Ti, . . . , X n I — T n does not contain the identity 
operator. We know that oy(Xi, . . . , T n ) is included in the closed ball of C" of radius r(Ti, . . . , T n ). 

If we assume that Ti, . . . , T n S B(Tt) are mutually commuting operators and B is a closed subalgebra 
of B{TL) containing Ti, . . . , T n , and the identity, then the Harte spectrum cr(Tx, . . . , T n ) is the set of all 
(Ai, . . . , A n ) € C" such that 

(Ax/ - Ti)Xa + • • ■ + (A n / - T n )X n ? I 

for all Xi, . . . , X n £ B. In this case, we have 

r(Ti, . . . ,T n ) = max{||(Ai, . . . , A„)|| 2 : (Ai, . . .,A„) £ a{T x , . . . ,T n )}. 

According to [25] . the latter formula remains true if the Harte spectrum is replaced by the Taylor's 
spectrum for commuting operators. 

According to Theorem 4.1 from [39] and Theorems 1.34 and 1.39 from [48], we have the following 
characterizations for the n-tuples of operators of class C p . We denote by C[Z\, . . . , Z n ] the set of all 
noncommutative polynomials in n noncommuting indeterminates. 

Theorem 1.1. Let Ti, . . . ,T n £ B(H) and let S C C*(S\, . . . , S n ) be the operator system defined by 

S := {p(Si, ...,S n ) + q(Si, . . . , S n )* : p,q£ C[Zi, . . . , Z„]}. 
Then the following statements are equivalent: 

(i) (T 1 ,...,T n )£C p . 

(ii) The map ^ : S — > B(Ti) defined by 

* (p(5i, ...,S n ) + q(S u . . . , S n )*) := p(T u . . . , T„) + q{T u . . . , T n f 

+ (p-l){p{Q)+W))I 

is completely positive. 
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(iii) The joint spectral radius r(Ti 

OO 

P p (rT,R) " ' 



fc=l | Q |=fc 



, T„) < 1 and the p-pluriharmonic kernel defined by 

OO 

fc=l |a| = fc 



is positive for any < r < 1, where the convergence is in the operator norm topology. 
(iv) The spectral radius r(T\, . . . ,T n ) < 1 and 



pli 



I+(l-p)rY,{Ti 

i=i 



R* + T * (g) Ri) + {p- 2)r 2 



T,T* 



I \> 



/or anj/ < r < 1 . 
(v) The raulti- Toeplitz kernel K Pt T ■ x F^j 



B{TC) defined by 



1 p T P\il 
^( T a\ip) 



if (3>ia 
if a = 13 
ifa>i/3 
otherwise 



is positive semidefinite. 



Consider 1 < m < n and let (R[, . . . , R' m ) and (R\, ■ ■ ■ , R n ) be the right creation operators on F 2 (H m ) 
and F 2 (H n ), respectively. According to the Wold type decomposition for isometries with orthogonal 
ranges [33], the m-tuple (Ri, . ■ . , R m ) is unitarily equivalent to (R[ ®Is,..., R' m Is), where £ is equal 
to F 2 (H n ) F 2 (H rn ). Consequently, using Theorem ll.il one can easily deduce the following result. 



Corollary 1.2. Let p > 0, 1 < m < n, and consider an m-tuple (Ti, . 
(Ti, . . . , T m , 0, . . . , 0) £ B{TL) n . Then the following statements hold: 



,T m ) £ B(H) m and its extension 



(i) (Ti, . . . , T m ) € C p if and only if (Ti, . . . , T m , 0, . 

(ii) Wp(Ti, . . . ,T m ) = u p (T 1} . . . ,T m ,0, . . . ,0)); 

(iii) r(T 1 ,...,T m )=r(T 1 ,...,T m> 0,...,0). 



■,0)eC p : 



Throughout this paper, we assume that £ is a separable Hilbert space. We recall [H] that a mapping 
F : [B(H) n ]i — > B{TL)(3 min B(£) is called /ree holomorphic functionon [B(H) n ]i with coefficients in £?(£) 

II !/ 2fc 
if there exist A( a ) £ #(£), a € F+, such that limsup^^ \\J2\ 



<|=fc ^wA") 



< 1 and 



F(Xi 



OO 



2. 

fc=0 |a|=fc 



4 



(a), 



where the series converges in the operator norm topology for any {X\, . . . , X„) in the open unit ball 

[B(H) n ]i := {(X u . . .,X n ) : \\XxXf H h X n X n \\ < 1}. The set of all free holomorphic functions 

on [B(H) n ]i with coefficients in B(£) is denoted by H baU {B{£)). Let H™ aU (B(£)) denote the set of all 
elements F in i?baii(-B(£)) such that 



sup\\F(X 1 ,...,X n )\\ <oo, 



where the supremum is taken over all n-tuples of operators (Xi, . . . ,X n ) e [B(H) n ]i and any Hilbert 
space H. According to [H] and [17], H^ n (B(£)) can be identified to the operator algebra F^®B(£) 
(the weakly closed algebra generated by the spatial tensor product), via the noncommutative Poisson 
transform. Due to the fact that a free holomorphic function is uniquely determined by its representation 
on an infinite dimensional Hilbert space, we identify, throughout this paper, a free holomorphic function 
with its representation on a separable infinite dimensional Hilbert space. 

We say that a map u : [B{TL) n ]i — ► B{TL)® m i n B{£) is a self-adjoint free pluriharmonic function on 
[B(Ti) n ]i if u = SR/ := §(/* + /) for some free holomorphic function /. A free pluriharmonic function 
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on [B(H) n ]i has the form H := Hi + 1H2, where Hi, #2 are self-adjoint free pluriharmonic functions on 
[B{H) n ] 1. We recall [47] that if 

OO OO 

/(Zi, . . . , z n ) = e E + 1 ® + E E Za ® 

fc=l |a|=fc fc— 1 |a| — fc 

is a free pluriharmonic function on [B(H.) n ]i with coefficients in £?(£) and (Ti,...,T n ) € B(TL) n is 
any n-tuple of operators with joint spectral radius r(Ti, . . . , T„) < 1, then /(Ti, . . . , T n ) is a bounded 
linear operator, where the corresponding series converge in norm. Moreover lim r ^i f(rT±, . . . ,rT n ) = 
/(Ti, . . . T„) in the operator norm topology. We refer to [47] for more results on free pluriharmonic 
functions. 

We denote by H ar^ aU (B (£)) the set of all free pluriharmonic functions on [B(H) n ]i with operator- 
valued coefficients in B(£), which have continuous extensions (in the operator norm topology) to the 
closed ball [B(TL) n \^ . We assume that Ti is an infinite dimensional Hilbert space. According to The- 
orem 4.1 from [33, we can identify Har^ all {B(£)) with the operator space A n {£)* + A n (£)^ ", where 
A n {£) '■= A n ®minB{£) and A n is the noncommutative disc algebra. More precisely, if u : [B(H) n ]i — > 
B (Ti)®minB (£) , then the following statements arc equivalent: 

(a) u is a free pluriharmonic function on [B(H) n ]i which has a continuous extension (in the operator 
norm topology) to the closed ball [B(Ti) n ]^; 

(b) there exists / £ A n {£ )* + A n {£ )"'" such that u(X) = (P x ® id)(/) for X £ [B(H) n ]i, where P x 
is the noncommutative Poisson transform at X; 

(c) u is a free pluriharmonic function on [B(H) n ]i such that u(rSx, . . . ,rS n ) converges in the operator 
norm topology, asr-> 1. 

In this case, / = lim uOrSi, . . . , rS n ), where the convergence is in the operator norm. Moreover, the 

r— >1 

'II 



map $ : Har^ aU (B(£)) — > A n {£)* + An(£) defined by := / is a completely isometric iso- 

morphism of operator spaces. We call / the model boundary function of u. 

Now, we introduce a free pluriharmonic functional calculus for the class C p . 

Theorem 1.3. Let T := (T 1> ...,T n ) £ B(H) n be of class C p , and let u £ Har^ ail (B(£)) have the 
standard representation 

00 00 
u(X 1 ,...,X n ) = J2 E K®B (a) +I® A {0) +J2 E X «® A («)> X£[B(H) n } 1 , 

fc=l \a\=k k=l \a\=k 

for some Ar a \,Br a -) £ B(£), where the series converge in the operator norm topology. Then 

u(Tx, ...,T n ) := lim w(rTi, . . . , rTi) 

r— >1 

exists in the operator norm and 

||u(Ti,...,T„)|| < Hpu+fl-pHOjHoo. 

Proof. Since T := (Ti, . . . ,T„) £ B(TL) n is an n-tuple of class C p , there is a minimal isometric dilation 
V := (Vi, . . . , Hi) of T on a Hilbert space Kt 3 W., satisfying the following properties: V*Vj — SijI for 
i,j = 1, . .. ,n, and T a — pPnYo^H f° r any a £ F+\{<7o}, and Kt = V Q eF+ VaH- Taking into account 
that u £ /Tar£ all (£?(£)), we have 

00 00 
u(rVx,...,rV n )=J2 E rHy « ® B W + J ® Ao) + E E r H K,®A (a)) 

fe=l |a|=fc fe=l |a|=fc 

where the convergence is in the operator norm. Hence, and due to the fact that 



E rH2S®i? (a) =p(i^®I) E rH ^® B (o) ] lw®£, fc = l,2,. 

|a|=fe \ \a\— k 
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we deduce that 

oo oc 

u(rT u ...,rT n ) := £ ^ r^T*® B (a) + I ® A (0) + £ £ r^T, <g> A (q) 

fe=l a| = fc fc=l |a|=fc 

= p(P w (g) J)u(rFi, . . . , rK)|w^ -{p- l)u(0). 

exists in the operator norm topology. Now, taking into account that lim r ^i u(rVi , . . . , rV\) exists in the 
operator norm, we deduce that lim r ^i u(rT\, . . . , rT\) exists in the same topology. Consequently, we can 
define 

u(Ti, ...,T„):= lim u{rT\, . . . ,rTi). 

r—*l 

Using the considerations above, and the noncommutative von Neumann inequality, we obtain 

||u(Ti,... ) T n )|| < \\pu+(l-p)u(0)\\oo < (p+|p-l|)N|oo 
for any (T u ...,T n ) eC p . □ 

We will refer to the map 

Har c hgll {B{£)) 3 u i > u(T u ...,T n ) G B{H)® mm B{£) 
as the free pluriharmonic functional calculus for the class C p . Since there is a completely isometric 

isomorphism of operator spaces A n (£)* + A n (£) " 9 / t-y u G H ar^ all (B (£)) , given by u — (Px <8> id) (/) 
for X e [B(H) n ]i, we also use the notation f(T u ...,T n ) for u(T u ...,T n ). 

Now, we show that the von Neumann type inequality of Theorem ll.3l characterizes the class C p . Denote 

V(Si,...,S n ) := {p(Si, . . . , S n ) : p£ C[Zi, . . . , Z n }}, 
where Si, . . . , S n are the left creation operators on the full Fock space F 2 (H n ). 

Theorem 1.4. Let T := (T\, . . . , T n ) G B(H) n be an n-tuple of operators. Then the following statements 
are equivalent: 

(i) T is of class C p ; 

(ii) the von Neumann type inequality 

|b(Ti,...,T n )|| < ||0p(Si I ...,S„) + (l-p)j»(O)|| 

holds for any noncommutative polynomial p G C[Z±, . . . , Z n ] £g> M m , m G N; 

(iii) the map '■ A n — > B(TL) defined by 

* T (q(Sx, S n )) := - p q(T l7 ...,T n )+(l- ±) q(0)I, q(S l7 . . . , S n ) G 7>(Si, . . . , S„), 
is completely contractive. 



Proof. The implication (i) =>• (ii) follows, in particular, from Theorem 11.31 To prove the implication 

(it) : 

have 



(ii) (iii), note that setting p := ^q + ( 1 — - J q(0)I, where g G C[Z 1; . . . , Z„] ® M m , to G N, we 



n* T (?(5i,...,s n ))ii = ibm»---»^)ii 

< \\pp(S 1 ,...,S n ) + (l-p)p(0)\\ 

= \\q{Si, ■ ■ -,s n )\\, 

which proves that \&t is completely contractive on the set of all polynomials V(Si, . . . , S n ) and, conse- 
quently, extends uniquely to a completely contractive map on the noncommutative disc algebra A n - It 
remains to prove that (iii) (i). Due to Arveson's extension theorem, item (iii) implies the existence 

of a unique completely positive extension ■ A* n + A n — * B(TL) of Note that 

* T (r(S 1 ,...,S n ) + q(S 1 ,...,S n )*) = i(r(Ti, . . . ,T n ) + g (T lt . . . ,T B )*) + (l - ^ (r(0)+^0)/ 



for any polynomials r(Si, . . . , S n ) and q(Si, . . . , S n ) in V(Si, . . . , Sn). Applying Theorem ll.il (the equiv- 
alence (i) <-> (ii)), we complete the proof. □ 



10 



GELU POPESCU 



2. Harnack domination on noncommutative balls 

We introduce a preorder relation -< on the noncommutative ball C p , p G (0, oo), and provide several 
characterizations. We determine the elements of C p which are Harnack dominated by 0. These results 
will play a crucial role in the next sections. 

First, we consider some preliminaries on noncommutative Poisson transforms. Let C*(Si, . . . , S n ) be 
the Cuntz-Toeplitz C* -algebra generated by the left creation operators (see [H]). The noncommutative 
Poisson transform at T := (Ti,...,T„) G [B(H) n ]i is the unital completely contractive linear map 
P T : C*(Si, . . . , S n ) -» B(H) defined by 

Pr[f] := Urn K* rT (I H ® f)K rT , f G C"(5i, . . . , 

r— >1 

where the limit exists in the operator norm topology of B(H). Here, the noncommutative Poisson kernel 
K rT : H -> A rT H®F 2 (H n ), < r < 1, is defined by 

OO 

K rT h := rHA rrT*h ® e ai he H, 

k=0 \a\=k 

where {e a } a£¥ + is the orthonormal basis for F 2 {H n ), defined by e Q := ®- ■ -®ei k if a = • • • gi k G F+ 

and e go := 1, and A rT := (/« - r 2 TiT x * r 2 T n T*)V2. We recall that p T [5 al 5*] = T a T^ a, /3 G F+. 

When T := (Ti, . . . , T n ) is a pure row contraction, i.e., SOT- lim Y], T a T* — 0, then we have 

Pr[f\=KWv T ®f)K T , f €C*(5i,...,5 n ) or / G 

where 2?t : = AtW- We refer to [41], [42], and [48] for more on noncommutative Poisson transforms on 
C*-algebras generated by isometries. 

A free pluriharmonic function u on [B(K,) n ]\ with operator valued coefficients is called positive, and 
denote u > 0, if u(X%, . . . , X n ) > for any {X±, . . . , X n ) G [i?(/C) n ]i, where K. is an infinite dimensional 
Hilbert space. We mention that it is enough to assume that the positivity condition holds for any finite 
dimensional Hilbert space K. Indeed, for each m G N, consider i?( m ) := (B}( n \ . . . , where is 

the compression of the right creation operator Ri to the subspace V m '■= spanfe^ : a G F+, \ a\ < m} of 
F 2 (H n ). We recall from [47] the following result. 

Lemma 2.1. Let u be a free pluriharmonic function on [B(JC) n ]i with operator-valued coefficients. Then 
u(X u ...,X n )>0for any (X u . . . ,X n ) G [B(K.) n ]i if and only ifu(R ( " l \ i?i m) ) > for any m G N. 

Let A := (A%, . . . , A n ) and B := (Bi, . . . , B n ) be n-tuples of operators in C p C B(TC) n . We say that A 

H 

is Harnack dominated by B, and denote A -< i?, if there exists c > such that 

SfyfAx, . . . , A„) + (p - l)SRp(O) < c 2 ^(Bi, . . . , B n ) + (p - l)«p(0)] 

for any noncommutative polynomial with matrix- valued coefficients p G C[Xi, . . . , X n ] ® M m , m G N, 

if 

such that 5Rp > 0. When we want to emphasize the constant c, we write A< B. 

c 

According to Theorem 11.31 we can associate with each n-tuple T := (Ti, . . . ,T„) G C p the completely 
positive map tpx ■ A* n + A n " — » B(H) defined by 

(2.1) ^(g) := -g{T x , . . . ,T n ) + ( 1 - -) 5 (0), 

P VP/ 

where <?(Ti, . . . , T„) is defined by the free pluriharmonic functional calculus for the class C p . 

Now, we present several characterizations for the Harnack domination in C p . 

Theorem 2.2. Let A := (Ax, . . . , A n ) G B(H) n and B := (B\, B n ) G B(H) n be in the class C p and 
let c > 0. Then the following statements are equivalent: 

(i) A<B; 
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(ii) Pp(rA, R) < c 2 P p (rB, R) for any r £ [0, 1), where P P (X, R) is the multi-Toeplitz kernel associated 
with X £ C p ; 

(iii) u(rAi, . . . , rA n ) + (p — l)u(0) < c 2 [u(rBi, . . . , rB n ) + (p — l)u(0)] for any positive free plurihar- 
monic function u on [B(TL) n ]i with operator-valued coefficients and any r £ [0, 1); 

(iv) K p a < c 2 K p b, where K p x is the multi-Toeplitz kernel associated with X £ C p ; 

(v) c 2 ifiB — <Pa is a completely positive linear map on the operator space A* n + , where ifA, <£b 
are the cp. maps associated with A and B, respectively. 

(vi) there is an operator Lb, a £ B(1Cb,1Ca) with \\Lb,a\\ < c such that Lb,a\h — In and 

L B .AWi =V l L B ,A, i = l,...,n, 

where (Vi, . . . , V n ) on K-a 3 H and (Wi, . . . , W n ) on JCa 3 "H are the minimal isometric dilations 
of A and B , respectively. 

Proof. First we prove that (i) =j> (ii). Since R& ' = for any a £ with \a\ > m + 1, we have 
P p (rX,R^)= r^X*®R < £ l) +pI®I+ E r^X a ® R^* . 

l<\a\<m 1<|o|<th 

Since X i— » P\(X, R) is a positive free pluriharmonic function on [B(H) n ]i, with coefficients in B(F 2 (H n )), 
so is the map 

X ^ P t {rX, R {m) ) = {I® PrjP^rX, R)\n®v m 
for any r £ [0, 1). If A-< B, then we have 

c 

Pi(rA,R^) + 0- 1)^(0, i? (m) ) < c 2 [Pi(rB,i?< m) ) + (p - l)Pi(0, i? (m) ) 

for any m — 1,2,.... Using Lemma |2~T1 we deduce that 

Pr(rA, R) + (p- 1)1 < c 2 [Pi(rB, R) + (j>- 1)1] 

for any r £ [0, 1). Since P p (rY, R) = P\(rY, R) + (p — 1)1 for any ra-tuple Y £ B(H) n with spectral radius 
r (Y) < 1 and r £ [0, 1), we deduce item (ii). 

To prove the implication (ii) => (iii), assume that condition (ii) holds and let u be a positive free 
pluriharmonic function on [B(H) n ]i with coefficients in B(£) of the form 

oo oo 

u (z 1 , .. . ,z n ) = e E z « ® C U + 1 c (o) + EE 2 «® 

k=l \a\=k fe=l \a\=k 

It is well-known (see e.g. [29]) that if S C B(F 2 (H n )) is an operator system and /i : S — > B(/C) is a 
completely bounded map, then there exists a completely bounded linear map 

/J := <8> id : S® min B(H) -> B(JC)® mm B(H) 

such that Jl(f®Y) := p(f)®Y for f £ S and V S B(H). Moreover, \\p\\cb — H/^llcb and, if is completely 
positive, then so is ju. 

Using Corollary 5.5 from [17] . we find a completely positive linear map z/ : 7\L* + 7£„ — > i?(£ ) such that 
i/(iJa) = C* ( * a) if |a| > 1 and i/(7) = C* (0) . Note that 

(id ® z/)[c 2 P p (r£, i?) - P p (rA, i?)] 

{oc OO 
E E rH ( c2fi « - A «) ® R *« + ^ -^^EE ( c2£ ^ - A ») ® R & 
k=l \a\=k k=l \a\=k 

o oo 

E E rH ( c2fi « - A -) ® + ^ - !) J ® c (o) + E E ( c2fi « - ® 

fe=l |a|=* fc=l |o|=fc 

c 2 [u(rBx, . . . , rB n ) + (p - l)u(0)] - [u(rA l5 . . . , rA n ) + (p - 1)«(0)] . 
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Hence, and using the fact that c 2 P p (rB, R) — P p (rA, R) > 0, we deduce that 

c 2 [u{rB 1: rB n ) + (p - l)u(0)] - [u{rA u . . .,rA n ) + (p- l)u(0)] > 0, 
which proves (iii). 

Now, we prove the implication (iii) ==> (v). Let g £ ^.4* + An <8> m m M m be positive. Then, 
according to Theorem 4.1 from [47], the map defined by 

g(X):=(P x ®id)[g], Xz[B(H)»]i, 

is a positive free pluriharmonic function. Condition (iii) implies 

g(rA u . . .,rA n ) + (p- l)g(0) < c 2 \g(rB u . . .,rB n ) + (p - l)g(0)] 

for any r S [0, 1). Hence, and using relation (|2.f p . we get ptpA(g r ) < c 2 p<fB(g r ). Taking r — > 1, we deduce 
item (v). 

To prove the implication (v) =>■ (i), let p <E C[Xi, . . . , X n ] ® M m , m € N, be a noncommutative 
polynomial with matrix coefficients such that Rep > 0. Since 

p l p Y (p)=p(Y 1 ,...,Y n ) + (p-l)p(0) 

for any Y :— (Y%, . . . , Y n ) £ C p , it is clear that (v) implies item (i). 

We prove now that (n) (iv). We recall that e Q := (8 ■ • • ® ei fc if a = • • • gi k £ F+ and 

e go := f , and that {e Q } aeF + is an orthonormal basis for the full Fock space F 2 (H n ). First, we prove that 

(2.2) / P p (X, rR) E h P ® e /3 J . E h ^ e ^ ) = P E ( K P,xAli P)hp, h 7 ) , 

\ \W\<Q ) M<8 / l/3|,l7l<g 

where the multi-Toeplitz kernel K p , x , r : F+ x F+ — » 5(W), r S (0, f ), is defined by 

IrlA.a|jf Aia if/3> /a 



I if a = /3 

irl Q \^(X QV/3 )* ifa>,/3 
otherwise. 



Note that if {/i / a}| J a|<g C H, then we have 



p/ ® 7 + E E X* r fc -R 5 ^^SeJ.^/i^^j 

k=l|a|=/s / \\/3\<q J h\<q I 

=pJ2 HM a + E 12 ( 12 x * h p ® E h i ® e 7/ 

l/3|<9 fe=l M=fc \|/3|<9 |7|<g / 

= p E hmi 2 + + E E rH e ^> M 

\0\<1 l«l>l|/3|,|7l<9 

= pEHMI 2 + E ^(x^h?,^) 

\P\<1 7>/3; \(3\,\~t\<q 

= E (P K P,x,r(l,(3)hi3,h 1 ) . 

7>/3; l/3|,|7l<9 

Now, taking into account that K pX , r (j, (3) = K* x r ((3, 7), we deduce relation (|2.2[) . Therefore, the 
condition P p (rA,R) < c 2 P p (rB,R), r £ [0, f), implies 

[Kp,A,r( a i 0)]\a\,\P\<q < c2 [- K 'p,B ) r(Q!,^)]|o| ) |^|< g 

for any < r < 1 and q = 0, 1, . . .. Taking r — > 1 in the latter inequality, we obtain item (iv). 
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Assume now that (iv) holds. Since c 2 K p ^b — K p .a is a positive semidefinite multi-Toeplitz kernel, due 
to Theorem 3.1 from [39] (see also the proof of Theorem 5.2 from [47), we find a completely positive 
linear map fj, : C*(Sx, ■ ■ ■ , S n ) — > B{£) such that 

(J,(S a ) = c 2 K p . B (g Q ,a) - K p ^ A (g Q , a) = -{c 2 B a - A a ) 



9 



for any a G F+ with \a\ > 1, and = (c 2 — 1)7. Since 



p(rs, r)--=J2J2 rkSa E rks * ® ^ > 

fc=l |a|=fe fc=l \a\=k 

for r € [0, 1), we deduce that 

(M ® id) [P(r5,iZ)] = ^ E -^ |Q| [c 2 s;-A;]®i? 5 + (c 2 -l)/®/ + ^ J] -rl Q l[c 2 5 Q -^ Q ]®i?^ 

fe=l |ct|=fc " fc=l |a|=ft 

= c 2 P p {rB, R) - P p (rA, R) > 0, 

which implies (ii). 

Let us prove that (iv) =>• (ot). Assume that (iv) holds. Then we have K Pt A < c 2 Kp,B, where K Pt x 
is the multi-Toeplitz kernel associated with X e C p . Let V := (Vi, . . . ,V n ) be the minimal isometric 
dilation of A := (A\, . . . , A n ). Then K, A = VaeF + Va7~L an d P-PhKiIw = A a for any |a| > 1. Similar 
properties hold if W := (Wi, . . . , W„) is the minimal isometric dilation of B := (Bi, . . . , B n ). Hence, and 
taking into account that V\,. . . ,V n and Wi, . . . , W n are isometries with orthogonal ranges, respectively, 
we have 

2 

= E { v <x\iph a ,hp) + 2J {h a , h c 

&>;/3,|of|,|/3|<m l a l < m 



(3> l a,\a\,\/3\<m 



V /3\ ia h a, hp 



£ l-A a \ lP h a ,h p \+ (h a ,h a )+ Y \- A *0\, a ha,h{) 

i„.i iiai^™ \" ' I „, I ™ a i „.i i ai^™ \ «^ 



I a I < m 



Qf>(/3,|o(|,|/3|<m ' |a | <m /3>/a,|a|,|/3|<m 

£ (K P ,A(/3,a)h a ,hp) = ^[if p ,A(/3, a)]| aM/3 |< m h m , h m ^> 

| a | < m , | /3 1 < m 

for any m G N and h m := ©| a |< m /io! G ffi|a|<m^ai where each Ti. a is a copy of Ti.. Similarly, we obtain 

2 

\oc\<m 

Taking into account that K p .a < c 2 K p ^b, we deduce that 



[K p ,b(P, <*)]\ a \,\i3\<, 





< c 




[a <m 




\a\<m 



Therefore, we can define an operator Lb. a : /C.b — ► /Ca by setting 
(2.3) L b ,a I J! I := £ VaK 

\|a|<m / |a|<m 

for any m G N and h a £ H, a £ F+. Note that Lg^ is a bounded operator with ||Lb,a|| < c. Since 
Lb,a\h = ^Hj we have ||£b,a|| > L It is easy to see that Lb,aW{ = ViLb^a for i = 1, . . . , n. Therefore 
item (vi) holds. 

Conversely, assume that there is an operator Lb. a G B(K,b,1£-a) with norm < c such that 

Lb,a\h = In and L B ,AWi = V t L B ,A, i = l,...,n. Then, we deduce that Lb,A fS|a|<m ^a^aj = 
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J2\ a \<m Vaha for any to e N and h a £ H, a £ F+. The condition < c implies 

2 





2 




v a h a 


<c 2 




\a\<m 




|a| <m 



which is equivalent to the inequality 

[Kp,A(P, <X)]\a\,\p\< m h ™' h '«) ^ C 2 (l K P,B(P, a)]| a |,|^|< m h m> h m ) 

for any m € N and h m := ©| Q |< m /i a G ©|a|<m^a- Consequently, we deduce item (iv). The proof is 
complete. □ 

A closer look at the proof of Theorem 12.21 reveals that one can assume that u(0) = I in part (iii), and 
one can also assume that 3?p(0) = I in the definition of the Harnack domination A-< B. We also remark 
that, due to Theorem 11.31 we can add an equivalence to Theorem 12. 2[ namely, A-< B if and only if 

c 

u(Ax, ...,A n ) + (p- l)u(0) < c 2 [u(fli, . . . , B„) + (p - 1)«(0)] 
for any positive free pluriharmonic function u € i/ar£ all (£?(£)). 

if 

Corollary 2.3. If A,B € C p and A^B, i/ien 
HLb.aII = inf{c > 1 : B} 

C 

= inf{c > 1 : P p {rA, R) < c 2 P p (rB, R) for any r E [0, 1)}. 



H 



Moreover, A-<B if and only if sup rg [ i) ||-^rA,r-s|| < °°- In this case, 
and the mapping r i 



\\La,b\\ 

\L r A.rB\\ is increasing on [0,1). 



sup \\L rA . rB \ 
e[o,i) 



H H 

Proof. Assume that A-< B. Then, due to Theorem 12.21 A-< B if and only if there is an operator 

c 

Lb, A € B(K-b, ICa) with < c such that Lb,a\h = In an d L B .AWi = ViLs,A for i = l,...,n. 

Consequently, taking c = \\Lb a\\, we deduce that A < B, which is equivalent to 

\\Lb,a\\ 

P P (rA,R) < \\L B ,A\\ 2 P P (rB,R) 

H 



for any r € [0,1). Hence, we have tA -< tB for any t € [0,1). Applying again Theorem 12.21 to the 

operators L4 and tB, we deduce that ||£tA,ts|| < H-^s, Ail- 
Conversely, suppose that c := sup rg r 01 j ||irA,rs|| < oo. Since ||i r A,rs|| < c, Theorem 12.21 implies 

rA<rB for any r <E [0,1) and, therefore, P p (rtA,R) < c 2 P p (rtB,R) for any t, r S [0,1). Hence, B 

c ' c 

and, consequently, ||£b,a|| < c. Therefore, ||La,b|| = su Pre[o,i) H^rAr-sll- The fact that r > ||L r A,rs|| is 
an increasing function on [0, 1) follows from the latter relation. This completes the proof. □ 

We remark that if 1 < to < n and u is a positive free pluriharmonic function on [B(/C)"]i, then the 
map 

(X 1 ,...,X m )~u(X 1 ,...,X m ,0,...,0) 
is a positive free pluriharmonic function on [B(/C) m ]i. Moreover, if g is a positive free pluriharmonic 
function on [B(/C) m ]i, then the map 

(X x ,...,X n )~g(X 1 ,...,X m ,0,...,0) 

is a positive free pluriharmonic function on [B(JC) n ]i. Consequently, using Corollary 1 1.21 one can easily 
deduce the following result. 
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Corollary 2.4. Let c > 0, p > 0, and 1 < m < n. Consider two n-tuples (A\, . . . ,A m ) 6 B(TL) rn and 
(Bi, . . . , B m ) <E B(H) m in the class C p and let {A\, . . . , A mi 0, . . . , 0) and (Si, . . . , B m , 0, . . . , 0) be their 



H 



extensions in B(TC) n , respectively. Then (A\, . . . , A m )-< (Bx, . . . , B m ) in C p C B(Ti) m if and only if 



H 



(Ai,...,A m ,0,...,0)^(B 1 ,...,B m ,0,...,0) in C p aB{H) n . 

c 

We recall (e.g. [13]) that if (Ti,...T„) is an n-tuple of operators, then the joint spectral radius 



0. 



r(Ti, . . . , T n ) < 1 if and only if lim^oc J2\ a \=k T a T a 

In what follows, we characterize the elements of C p which are Harnack dominated by 0. 

Theorem 2.5. Let A := (Ai,...,A n ) be in C p . Then A~<0 if and only if the joint spectral radius 
r{A x ,...,A n ) < 1. 

Proof. Note that the map X i— > P p (X,R) is a positive free pluriharmonic function on [B(H) n ]i with 
coefficients in B(F 2 (H n )) and has the factorization 

P P (X, R) = (I- Rx)- 1 + (p- 2)1 + (7 - Rx)- 1 

(2.4) = (I - Rx)- 1 [L-R x + (p- 2)(J - R* X )(I - R x ) + 1 - R*x\ (I - Rx)' 1 
= (I - Rx)' 1 [ P I + (1 - p){R* x + Rx) + (p- 2)R* x Rx] (I - Rx)-\ 

where R x '■= X* <S> R\ + • • • + X* ® i?„ is the reconstruction operator associated with the n-tuple 
X := (Xi, . . . , X n ) e [B(H) n ]i- We remark that, due to the fact that the spectral radius of R x is 
equal to the joint spectral radius r(X±, . . . , X n ), the factorization above holds for any X S C p with 
r(X u ...,X n )<l. 

Now, using Theorem 12.21 part (ii) and the above-mentioned factorization, we deduce that A-< if and 
only if there exists c > such that 

(L - R^)- 1 [pL + (1 - p)(R* rA + R rA ) + (p- 2)R* rA R rA ] (I - R^y 1 < pc 2 I 

for any r £ [0, 1). Similar inequality holds if we replace the right creation operators by the left creation 
operators. Then, applying the noncommutative Poisson transform id (g> P e iBR, where R := (R\, . ■ ■ , R n ), 
we obtain 

(2.5) pi + (1 - p)(e- ie R* rA + e i9 R rA ) + (p- 2)R* rA R rA < pc 2 (L - re~ i9 R A )(I - re lB ' R A ) 
for any r <G [0, 1) and 9 e M. 

On the other hand, since A := (Ai,...,A n ) <E C p , we have r(A\ , . . . , A n ) < 1. Suppose that 
r(A\, . . . ,A n ) = 1. Taking into account that r{R A ) = r(Ai, . . . ,A n ), we can find Ao 6 T in the ap- 
proximative spectrum of R A . Consequently, there is a sequence {h m } in 7i® F 2 (H n ) such that \\h m \\ = 1 
and 

(2.6) Ao/im ~ RAhm — > as m — > oo. 
In particular, relation (12. 5p implies 

^ p\\h m f + (1 - p) [(X R* rA h m ,h m ) + (X a R rA h m ,h m )] + (p - 2)\\R rA h m \\ 2 

< pc 2 \\h m - X R rA h m \\ 2 
for any r £ (0, 1) and m G N. Note that due to (|2.6p and the fact that |Ao| = 1, we have 
(X R A h m , h m ) = A (R A h m - X h m , h m ) + 1 -> 1, as m -> oo. 

Since 

||/lm — ^oRrAhmW < ||^m ~ Ao-fiUftmH + ||Ao(i?A^m. ~ ^rA^rn)!! 

= ||A(A„ - i?A^m|| + (1 - r)\\R A h m \\ 
and due to the fact that H-R^ml -> 1 as m -> oo, we deduce that 

limsup \\h m - X R rA h m \\ < 1 — r 
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for any r £ (0, 1). Now, since R r A — tRa and taking to — ► oo in relation ()2.7|) . we obtain 

p + 2(1 - p)r + (p - 2)r 2 < c 2 p(l - r) 2 

for any r £ (0, 1). Setting r = 1 — — , to > 2, straightforward calculations imply 2m < pc 2 — p + 2 for 
any to e N, which is a contradiction. Therefore, we must have r(Ai, . . . , A n ) < 1. 

Conversely, assume that A := (Ai , . . . , A n ) £ C p has the joint spectral radius r(A\ , . . . , A n ) < 1. Since 
r(j4i, . . . , A„) = t(Ra), one can see that M := sup re ( 01 ) ||(7 — vRa)~ 1 \\ exists and M > 1. Hence 

(2.8) M 2 {I - R* rA )(I - R rA ) >I>I- R* rA RrA 

for any r £ (0, 1). Now we consider the case p > 1. Note that relation (|2.8p implies 

I - R* rA RrA + (P - - R*A)(I - RrA) < pM 2 (I - R* rA )(I ~ Rr A )- 

The latter inequality is equivalent to 

pi + (1 - p)(R* rA + RrA) + (P - 2)R* rA RrA < pM 2 (I - R* A )(I - RrA), 

which, due to the factorization (|2.4[) . is equivalent to 

P P (rA, R) < pM 2 = M 2 P p (0, R) 

for any r £ [0, 1). According to Theorem 12. 2[ we deduce that A< 0. 

Now, consider the case when p £ (0, 1). Since ||i? r A|| < rp and 5 — 2 < 0, we have 

P i + (i - p)(i?; A + j? rA ) + (p - 2)R* rA R rA < pi + (i - p)(i?; A + i? rA ) 

< pi + 2(1 - p)rp < (3p - 2p 2 )/. 

Using again the factorization (|2.4p . we deduce that 

P p (rA,R) < (3p-2p 2 ){I-R* rA )- 1 (I-RrAy 1 
for any r € (0, 1). Hence and using the fact that (I — i?* yl ) _1 (I — i? rj 4) _1 < Af 2 /, we obtain 

< (3-2p)M 2 P p (0,i?) 

for any r £ (0, 1). Using again Theorem 12.21 we get A-< 0. The proof is complete. □ 

We mention that in the particular case when n = 1 we can recover a result obtained by Ando, Suciu, 
and Timotin [T], when p = 1, and by G. Cassier and N. Suciu [9], when p =^ 1. 



3. Hyperbolic metric on Harnack parts of the noncommutative ball C p 

H . . H 

The relation -< induces an equivalence relation ~ on the class C p . We provide a Harnack type double 

inequality for positive free pluriharmonic functions on the noncommutative ball C p and use it to prove 

that the Harnack part of C p which contains coincides with the open noncommutative ball [C p ]<i. We 

introduce a hyperbolic metric on any Harnack part of C p and obtain a concrete formula in terms of the 

reconstruction operator. 

H ■ ■ H 

Since -< is a preorder relation on C p , it induces an equivalence relation ~ on C p , which we call 

Harnack equivalence. The equivalence classes with respect to ~ are called Harnack parts of C p . Let 
A := (Ai, . . . , A n ) and B := {B\, . . . , B n ) be in C p . We say that A and B are Harnack equivalent (we 

denote A ~ B) if and only if there exists c > 1 such that 

\ pfrCBi, . . . , B n ) + (p - l)3fr(0)] < 8ffip(Ai, . . . ,A n ) + (p- l)sftp(O) 

<c 2 [$p(B 1) ...,B n ) + (p-l)3tp(0)] 
for any noncommutative polynomial with matrix- valued coefficients p £ C[X\, . . . , X n ] ® M m , to e N, 
such that ^Rp(X) > for any X £ [B(H) n ]i. We also use the notation A~ B when A< B and B~< A. We 

c c c 

remark that Theorem l2.2l can be used to provide several characterizations for the Harnack parts of C p . 
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The first result is an extension of Harnack inequality to positive free pluriharmonic functions on the 
noncommutative ball C p , p > 0. 

Theorem 3.1. If u is a positive free pluriharmonic function on [B(7i) n ]i with operator-valued coefficients 
in B(£) and < r < 1, then 

u(0) 1-K2P-D < u{rXu . . . ; rXn) < U(Q) .1 + K2p - 1) 



1 + r 



1 -r 



for any {X x , 
Proof. Let 



, X n ) £ C p 



U (z u . . . , z n ) = e E z *c A U + 1 ® A (o) +EE Z «® 

fc=l |a| = fe fe=l |a|=fc 

be a positive free pluriharmonic function on [B(H) n ]i with coefficients in B(£). According to Theorem 
1.4 from 09], for any F S [^(W)"]^ and r £ [0, 1), we have 



(3.1) 



«(0) < u(rY u . . .,rY n ) < u{0) 1 " ' 



+ r 1 — r 

On the other hand, let (Xi,...,X n ) £ C p and let (Vi, . . . ,V n ) be the minimal isometric dilation of 
(Xi, . . . , X n ) on a Hilbert space Kt 2 W. Since X a = pPnV a \n for any a £ F+\{go}, and using the free 
pluriharmonic functional calculus, we have 



i(rX u ...,rX n )=J2 E rHx * a ®A* {a) +I(g>A {a) +Y^ E r M X a ®A [a) 

fc=l \a\=k k=l \a\=k 



\h®s + Ih® A (0) + p(P n <g> I s ) 



E E »- H K:®^(a 
fe=i | Q |=fc 

= p(P w <g) h)u{rV x , rV n )\ H ®£ + (1 - p)«(0), 
where the convergence is in the operator norm topology. Due to (|3.ip , we have 



E E r^V a ®A {a) 

k=l \a\ = k 



\H®£ 



«(0) JJ— ^ < u(rVi, . . . , V n ) < u(0) J-^. 
1 + r 1 — r 



Consequently we deduce that 
p{\ - r) 



u(0) 
Since 



l + r 



< ® /fiMr^i, • ■ • , rV„)| W8£ + (1 - p)u(0) < u(0) 



p(l + r) 



1-r 



u(rXu . . -,rX n ) = p(P H <g> J £ )u(rV4, . . . ,rK)|?i®£ + (1 - p)u(0), 



the result follows. 



□ 



Now, we can determine the Harnack part of C p which contains 0. 
Theorem 3.2. Let A := (A±, . . . ,A n ) be in C p . Then the following statements are equivalent: 

(i) uj p (Ai, . . . , A n ) < 1; 

(ii) A ~ 0; 

(iii) r(A\, . . . , A n ) < 1 and P P {A, R) > a/ /or some constant a > 0. 

Proof. First, we prove that (i) (ii). Let A := (Ai, . . . ,A n ) be in C p and assume that ui p (A) < 1. 

Then there is r € (0, 1) such that uo p (^A) = ±uo p (A) < 1. Consequently, ±-A £ C p . 

According to Theorem 13. 11 we have 

Mo) l ~f 2p „- l) < -.,A n )< WD 1 + roi2p " 1} 



l-r 
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for any noncommutative polynomial with matrix- valued coefficients p £ C[X\, . . . , X n ] ® M m , m £ N, 



such that > on [B{H) n ]\. Hence, we deduce that A ~ 



To prove that (ii) ==>• {Hi), assume that A ~ 0. Due to Theorem 12. 51 we have r(A) < 1. Using now 
Theoreml2.2[ we deduce that there exists c > such that 



(3.2) P p (rA, R) > lp p (0, i?) = ^7 

for any r 6 [0, 1). Since r(A) < 1, one can prove that lim r ^i P p (rA, R) = P p (A, R) in the operator norm 
topology. Consequently, taking r — > 1 in relation (|3.2|) . we obtain item (hi). 

It remains to show that (m) ==>• (i). Assume that r(A±, . . . , A n ) < 1 and P p (A, R) > al for some 
constant a > 0. Note that there exists to € (0, 1) such that the map 

i •-> ^7 - ^ 4* <g> tiZ^ + (p - 2)7 + ^7 - ® 

is well-defined and continuous on [0, 1+io] hi the operator norm topology. In particular, there is eo £ (0, to) 
such that 

\\P p (A,R)-P p (A,tR)\\<^ 

for any t £ (1 — eo, 1 + eo)- Consequently, if 70 £ (1,1 + eo), then 

P P (loA, R) > P P (A, R) - \\P P (A, R) - P p ( l0 A, R)\\I > a -I > 0. 

Due to Theorem I l.H we have jqA £ C p , which implies oj^qA) < 1. Therefore, w(A) < < 1 and item 
(i) holds. The proof is complete. □ 

We remark that, when n — 1, we recover a result obtain by Foia§ [15j if p = 1, and by Cassier and 
Suciu [9 if p > 0. 

Given A, B £ C p , p > 0, in the same Harnack part of C p , i.e., A ~ _B, we introduce 

(3.3) A P (A,B) := inf |c> 1 : A~b\ . 

Note that, due to Theorem 12.21 A ~ 7? if and only if the operator Pb.a is invertible. In this case, 
= 7a, b and 

A p (A,B) = max{||i J 4 iB ||,||i B . j4 ||}. 
To prove the latter equality, assume that A^ B for some c > 1. Due to the same theorem, we have 

c 

||7^b,a|| < c and ||7a,b|| < c. Consequently, 

(3.4) max{||L A , B ||,||7 B , A ||}<mf{c>l: A%b} = A p (A,B). 

On the other hand, setting Co := ||7ba|| and c' Q := \\Lab\\, Theorem 12.21 implies A-<B and B^, A. 

co c' 

Hence, we deduce that B, where d := max{co, c }. Consequently, A p (A, B) < d, which together with 

d 

relation (|3.4p imply A p (A, B) = max.{\\LA,B\\, \\Lb,a\\}, which proves our assertion. 

Now, we can introduce a hyperbolic (Poincare- Bergman type) metric 8 P : A x A — > R + on any Harnack 
part A of C p , by setting 

(3.5) 8 P (A,B) := hiA p (A,B), A,B £ A. 
Due to our discussion above, we also have 

8 P (A,B) =lnmax|||£ y i,B|| ) L~£ B X. 

Proposition 3.3. 5 P is a metric on any Harnack part ofC p . 

Proof. The proof is similar to that of Proposition 2.2 from [49], but uses p-pluriharmonic kernels. □ 
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We remark that, according to Theorem 13.21 the set 

[C p ]<i := {(Xx,...,X n ) G B(H) n : u p (X 1} . . . ,X n ) < 1} 
is the Harnack part of C p containing 0. 

In what follows we calculate the norm of Ly,x with X, Y G [C p ]<i, in terms of the reconstruction 
operators. 

Theorem 3.4. IfX,Ye [C p ]<i, then \\L Y ,x\\ = \\C p , x C~ Y \\, where 

C p , x ■= \,x{I-Rx)-\ 

A p ,x := [pI+(l-p)(R x + R x ) + (p-2)R x R x ] 1/2 . 
Moreover, if X,Y G C p is such that X -< Y. then \\Ly,x\\ = su Pre[o.i) W^p.rxCplyW- 

Proof. Since X,Y G [C p ]<i, Theorem EH implies X " Y, r(X) < 1, and r(Y) < 1. Let c > 1 and 
assume that P p (rX,R) < c 2 P p (rY,R) for any r G [0,1). Since r(X) < 1 and r(Y) < 1, we can take the 
limit, as r — * 1, in the operator norm topology, and obtain P p (X,R) < c 2 P p (Y,R). Conversely, if the 
latter inequality holds, then P p (X, S) < c 2 P p (Y, S), where S :— (Si, . . . , S n ) is the n-tuple of left creation 
operators. Applying the noncommutative Poisson transform id<g> P r R, r G [0, 1), and taking into account 
that it is a positive map, we deduce that P p (rX, R) < c 2 P p (rY, R) for any r G [0, 1). 

Therefore, due to Theorem 12.21 we have 
(3.6) P p {X, R) < c 2 P p {Y, R) if and only if \\L Y ,x\\ < c. 

We recall that the free pluriharmonic kernel P p (X,R) with X G [C p ]<i, has the factorization P(X,R) = 
C* x C Pt x- Due to Theorem 13.21 P p (X,R) is invertible and, consequently, so is C Py x- Consequently, 

P p (X, R) < c 2 P p (Y, R) if and only if C^^C^C^C^ < c 2 L 

Setting c := ||C P ,YC' p _ y||, we have P p (X,R) < c^P p (Y,R). Now, due to relation (|3.6p . we obtain 

II^yxII < co = ||C„,xC-^||. 

Setting c' :— \\L YX \\ and using again (|3.6[) . we obtain P p (X,R) < c'qP p (Y,R). Hence, we deduce that 
Cl^Cl xC^xC^y < c' 2 I, which implies 

\\C p ,xC- Y \\<c' =\\L Y ,x\\. 
Therefore, Hi^xll = l|Cp,xC~y||. The last part of the theorem is now obvious. □ 

Combining Theorem 13 .41 with the remarks preceding Proposition ^. 31 we obtain a concrete formula for 
the hyperbolic metric S p on [C p ]<i in terms of the reconstruction operator, which is the main result of 
this section. 

Theorem 3.5. Let S p : [C p ]<i x [C p ]<i — + [0,oo) be the hyperbolic metric. If X,Y G [C p ]<i, then 



where 



S P (X,Y) = In max | 
C P ,x ^ P ,x{I — Rx) J 7 



C p,xC pY 



C P,Y C p,X 



A PiX := [ P I+(l-p)(R x +R x ) + (p-2)R x R x } 1/2 , 

and Rx '■— X£ ® R\ + • • • + X* <g> R n is the reconstruction operator associated with the right creation 
operators R±, . . . , R n and X := (X\, . . . ,X n ) G [C p ]<i. 

Using Theorem I2.2[ one can easily obtain the following result. Since the proof is similar to that of 
Lemma 2.6 from [55], we shall omit it. 

Lemma 3.6. Let X := (X\, . . . , X n ) and Y := (Yi, . . . , Y n ) be in C p . Then the following properties hold. 
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(i) X Y if and only if rX ft rX for any r £ [0, 1) and sup, re [ i) A p (rX,rY) < oo. In this case, 

A p (X,Y)= sup A p (rX,rY) and 5 p (X,Y) = sup S p (rX,rY). 

r-e[0,l) r6[0,l) 

(ii) If X ~ Y , then the functions r i— > A p {rX, rY) and r i— > 8 p (rX, rY) are increasing on [0, 1). 

Putting together Theorem 13.51 and Lemma 13.61 we deduce the following result. 

Theorem 3.7. Let X := (Xi,...,X n ) and Y := (Yi,...,Y n ) be in C p such that X ~ Y. Then the 
metric S p satisfies the relation 



S p (X, Y) = In max < sup 

I r£ [0,1) 



Cp,rxC p l Y 



, sup 

re[0,l) 



Cp,rYC p l x 



where C P: x '■= Ap,x{I — Rx) o,nd Rx '■= X* (8 1 Ri + • • • + X* <8> R n is the reconstruction operator. 



Using the Harnack type inequality of Theorem 13. 1( we obtain an upper bound for the hyperbolic 
distance 5 P on [C p ]<i. First, we need the following result. 

Proposition 3.8. Let f be in the noncommutative disc algebra A n such that 3?/ > and let X := 
(Xi, . . . , X n ) E C p be with u p (X) < 1. Then 

p ]l Up ¥l\ *m < ®f( x i> • • • . x n) + (p- u*/(o) < p ] +UJpi ( x x l 

l + Wp(X) l-Lu p (X) 

Proof. Let r := v p (X) and define Y := -X. Since u> p (Y) — ^lu p (X) — 1, we deduce that Y e C p . 
Applying Theorem 13.11 to Y, we obtain 

— l + UJp{x) — »/ (o) < • • • . x n ) < p — x _ Up{x) — ■ 

It is easy to see that the latter inequality is equivalent to the one from the proposition. □ 

Now, we can deduce the following upper bound for the hyperbolic distance on [C p ]<i. 
Corollary 3.9. For any X, Y G [C p ]<i, 

PK '-2 (1-co p (X))(1-lu p (Y)) 
Proof. Using Theorem 12.21 and the inequality of Proposition 13.81 we deduce that 

On the other hand, since S p is a metric on [C p ]<i, we have S(X,Y) < 5(X, 0) + 5 P (Y,0). Taking into 
account that S p (X, Y) = In A p (X, Y), the result follows. □ 



We remark that when p = 1 , the inequality of Corollary 13.91 is sharper then the one obtained in 
Corollary 2.5 from [15] , 

Using Corollary |2.41 on can easily obtain the following result. 

Corollary 3.10. Let p > 0, and 1 < m < n. Consider two n-tuples A :— (Ai,...,A m ) S B{T-i) m 
and B := (_Bi, . . . , B m ) £ B(Ti) m in the class C p and their extensions A := (Ax, . . . , A m , 0, . . . , 0) and 
B := . . . , B m , 0, . . . , 0) in B(H) n , respectively. Then 

aSj B if and only if A~ B. 

Moreover, in this case, 

5 P (A,B) = 5 P (A,B). 
In what follows we provide a few properties for the map p > S p (A, B). 
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Lemma 3.11. Let A := (Ax, . . .,A n ) E B(TL) n and B := (B%, . . .,B n ) E B(H) n be in the class C p and 
let c > and < p < p . Then the following statements hold. 

(i) if A< B in C p , then A-< B in C p >; 

c c 

(ii) if A~ B in C„, then if A~ B inC p and 

c c 

6p,(A,B)<6 p (A,B). 

H 

Proof. First recall that C p C C p >. If A< B in C p , then 

C 

fRp{A!, A n ) + (p - l)Rp(O) < c 2 $tp(B u . . . , B n ) + {p- l)Rj>(Q)] 

for any noncommutative polynomial with matrix- valued coefficients p E C[Xi, . . . , X n ] M m , m E N, 
such that $tp(X) > for any X E [B(H) n }i- Hence, c > 1 and, consequently, the inequality above holds 

when we replace p with p' > p. This shows that A-< B in C p >. Part (ii) is a clear consequence of (i) and 

c 

the definition of the hyperbolic metric. □ 

If A :— (A%, . . . ,A n ) E B(Tt) n is a nonzero n-tuple of operators such that A E [Coo]<i, i.e., the joint 
spectral radius r(A) < 1, then 

p A ■= inf{/3 > : A E C p } > 0. 
Indeed, if p, p' E (0, oo], p < p', then C p C C p / and, moreover, we have 

Up>(A) < ujp(A), r{A) = lim lu p (A), A E B(TL) n . 

Consequently, there exists p > such that u> p i(A) < 1, for any p' > p. Assume now that = 0. Then 
T E C p , i.e., < 1 for any p > 0. On the other hand, we know that \\A\\ < pw p {A). Taking p — > 0, 

we deduce that A = 0, which is a contradiction. This proves our assertion. 

Note that if A,B S [C oc ]<i, then 

p^s := inf{p > : A, B E C p } = ma,x{p A , p B }. 
Proposition 3.12. If A,B E [Coo]<i 7 then the map 

\p A ,B, oo) 3 p^ S P {A,B) ER+ 

is continuous, decreasing, and 

lim 5 J A, B) = 0. 

p — >OG 

Proof. Using Theorem 13.51 and Lemma 13.111 one can easily deduce that the map p i— > S p (A,B) is 
continuous and decreasing. To prove the last part of the proposition, note that since 5 P (A, B) < 
S P (A, 0) + <5p(0, B), it is enough to show that lhrip^oo 8 P (A, 0) = 0. To this end, note that Theorem 
13.51 implies 

(3-7) S p (A,0) = lnmaxlHC^C-o 1 !! , \c pfi C^ A || } , 

where 

G pA C' p l = -L [pi + (1 - p)(R* A + R A ) + (p- 2)R* A R A } 1/2 (I - R A )-\ 



Hence, we deduce that 

lim \\C p . A C-l\\ = [I- (R* A + R A ) + R* A R A } 1/2 (I - R A )- X 

p— >oo 1 " 

= \\{I- Ra)- 1 [I - (R* A + Ra) + R* a Ra] (I - Pa)- 1 \\ 
= \\(I - R* A )-\I - R* A )(I - R A )(I - Ra^W 
= 1 

Similarly, we have limp^oo IjCp.oC"^!) = 1. Using now relation (|3.7p . we complete the proof. □ 
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4. Mapping theorems for free holomorphic functions on noncommutative balls 

In this section, we provide mapping theorems, spectral von Neumann inequalities, and Schwarz type 
results for free holomorphic functions on noncommutative balls, with respect to the hyperbolic metric 
and the operator radius lu p , p g (0, oo]. 

First, we prove the following mapping theorem for the classes C p , p > 0. 

Theorem 4.1. Let f :— (/x, . . . , f m ) be a contractive free holomorphic function with ||/(0)|| < 1 such that 
the boundary functions fx, ... , f m are in the noncommutative disc algebra A n . If (Ti, . . . , T n ) g B(7i) n 
is of class C p , p > 0, then /(Ti, . . . , T„) is of class C Pf , where 



(4.1) p f 



+ # p <1 



Proof. Let p g <C[Z 1 , ...,Z m ]® M k , k g N, be such that ftp > on the unit ball [B(H) m ]x- This 
is equivalent to ftp(S[, . . . S' m ) > 0, where S[, . . . , S' m are the left creation operators on the full Fock 
space F 2 (H m ). Applying the noncommutative Poisson transform Pf(x lt ...,x n ) ® id, which is a completely 
positive linear map, to the inequality ftp(S[, . . . S' m ) > 0, we obtain 

$p(f(X 1 ,...,X n ))>0, Xe[B(H) n )x. 

Moreover, since the boundary functions fx, ... , f m are in the noncommutative disc algebra A n , we deduce 
that the boundary function of the composition p o / is p(fx, ■ ■ ■ , f m ) S •A n <g> m i n Mi s: . 

Assume that (Ti, . . . ,T„) e C p . Using the free pluriharmonic functional calculus of Theorem 11.31 and 
Theorem 1 1.1[ we deduce that 

(4.2) R(po/)(r 1 ,...,T n ) + Oj-l)K(po/)(0)>0. 

On the other hand, according to the Harnack type inequality of Theorem 1.4 from 49J applied to the 
positive free pluriharmonic function ftp at the point /(0) = (/i(0), . . . , / m (0)), we have 

(4.3) jftp(O) 1 " jj{ (0) |j < 5Rp(/(0)) < SRp(O)- 1 + 11/(0)11 



1+||/(0)|| " ^ '1- ||/(0)|| 

Let 7 > and note that 
(4.4) Kp(/(Ti, . . . ,T„)) + ( 7 - l)Kp(0) = A + B, 

where 

^4 := ^(/(Ti, . . . , T n j) + (p- l)p(/(0)) 
( ' } B:=( 7 -l)3?p(0)-(p-lM/(0)). 

Assume now that p > 1. Using the second inequality in (|4.3p . we obtain 

S > (7 - l)ftp(0) ~{p- 1)^>(0) ^||^|| 
1 + 11/(0)11 



(7-1)- (p-1) 



1-11/(0)11 



ftp(0), 



which is positive if 7 > 1 + (p — 1) i^jj/(o) || • m ^ ms case J using relation (|4.4|) and (|4.2[) . we obtain 

3fo(/(T 1) ... ) T w )) + ( 7 -l)Hp(0)>0 

for any p g C[Zx, . . . , Z n ] ® M k , k g N, be such that ftp > on the unit ball [B{H) m ]x- Applying 
Theorem 1 1.1[ we deduce that /(Ti, . . . , T n ) g C 7 . In particular, we have /(Ti, . . . , T„) g C5, where 

l/(0)|| 



5/ :=! + (/> -1)t_tJ 



/(0)|| 
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Now, we consider the case p £ (0, 1). Using the first inequality in (14. 3j) . we obtain 

i-ll/(o)|| 



B > 



( 7 -l)-(p-l) 



1 + 11/(0)11 



9fy(0), 



which is positive if 7 > 1 + (p— 1) 1+ JJ j(o]|J ■ As above, using relations (|4.4|) and (|4.2p , we obtain 

Mp(/(T 1 ,...,r n )) + ( 7 -l)»j»(0)>0 

for any p £ C[Z U . . . , Z n ] <8> M k , k € N, be such that > on the unit ball [i?(H) m ]i. TheoremO 
implies /(Ti, . . . , T„) £ C 7 . In particular, we have /(Ti, . . . , T„) S C5, where 

A ^ 1-11/(0)11 

' = i^rL/W' 

The proof is complete. □ 

Note that under the conditions of Theorem 14.11 p < pf and p = 1 p/ = 1. Moreover, if p ^ 1, 

then pf = p \i and only if /(0) = 0. On can also show that pf < 1 if p < 1. 

We remark that, under the conditions of Theorem l4.H there exists T := (Ti, . . . , T„) 6 B(Tt) n such that 
if /? > is the smallest positive number such that (Ti, . . . , T n ) € C p , then there exists a free holomorphic 
function / such that pf is the smallest positive number with the property that /(Ti, . . . ,T n ) € C P} . 
Indeed, if n < m, take f(Xi, . . . , A„) = (Xi, . . . , X n , 0, . . . , 0) and use Corollary |2.41 When n > m, take 
f(X 1 ,...,X n ) = (4...,^) andT:= (Ti, . . . , T n , 0, . . . , 0) with (T l5 . . . , T n ) e C p . 

Corollary 4.2. Let f := (fx, . . . , / m ) &e a bounded free holomorphic function with ||/(0)|| < ||/||oo such 
that the boundary functions fx, . . . , f m are in the noncommutative disc algebra A n . If (Ti, . . . , T n ) £ 
B(Tt) n is of class C p , p > 0, then 

w Pf (f(T l ,...,T n ))<\\f\\ 0O , 
inhere Pf is given by relation (|4.ip . In particular, if /(0) = and (Ti, . . . , T n ) £ C p , then 

Lj p (f(T u ...,T n )) < ll/IU. 

Proof. Applying Theorem l4. li the function — /, we deduce that ^jjj — /(Ti, . . . ,T„) is in the class C Pf , 

which is equivalent to uj pf ^jjjjj — /(Ti, . . . ,T n )^ < 1, and the first inequality of the theorem follows. 
Hence, and using the fact that Pf — p when /(0) = 0, we complete the proof. □ 



A simple consequence of Corollary [472] is the following power inequality. 
Corollary 4.3. // (Ti, . . . ,T„) £ B(H) n is non-zero, p £ (0,oo), and k>l, then 

uj p (T a : a £ F+, \a\ = k) < w p (Ti, . . . ,T„). 

Proof. Since ||(Ti, . . . ,T„)|| < puj p (Tx, . . . ,T„), we have u> p (Tx, . . . ,T„) 7^ 0. Applying the second part 
of Corollary 14.21 to the n-tuple of operators ^ - — j^jTx, . . . , - — jr-yT,^ e C p and to the free 
holomorphic function 

f(X 1 ,...,X n ):=(X a : a£F+,\a\ = k), {X u . . . ,X n ) G [B{H) n ]x, 

we complete the proof. □ 

Theorem 4.4. Let f := (/i,...,/ m ) be a bounded free holomorphic function with ||/(0)|| < ||/||oo 
such that the boundary functions fx, ... , f m are in the noncommutative disc algebra A n . Then, for each 
re [0,1), 

sup <^p f (f{Ti,...,T n )) < \\f(rS 1 ,...,rS n )\\, 

TeC p , u p (T)<r 

where Sx, . . . , S n are the left creation operators. 
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Proof. Consider the free holomorphic function /,-, defined by 

f r (X u ...,X n ):= f{rX u . . . , rX n ), (X u ...,X n )€ [B(H) n ] 1 
and recall that ||/ r ||oo = \\f{ r Si, ■ ■ ■ , rS n )\\. Applying Corollary [42] to f r , we have 
(4.6) w Pfr . . .,A n )) < H/rlloo, (A 1 ,...,A n )eC p 

Since /(0) = / r (0), we have pf — pf T . Consequently, if we assume that cj p (Ti, . . . ,T n ) < r < 1, then 
(iTi, . . . , ±T„) e C p and inequality (|^) implies 

w p/(/( t i> ■ • ■ ,T n )) = u Pf (f r f~ Tl ' - H^ll 00 ' 

which completes the proof. □ 

Corollary 4.5. Let (T x , . . . ,T n ) € B{H) n be such that u> p {Ti, . . . , T„) < 1, and Zei / := (/i, . . . , / m ) be 
a bounded free holomorphic function with the following properties: 

(i) the boundary functions f\, . . . , / m are in the noncommutative disc algebra A n - 

(ii) fj has the standard representation of the form 

f^Xi, X n ) = 4 j) *a, j = l,...,m. 

\a\>k 

Then 

u >p (f(T 1> ...,T n ))<cj p (T 1 ,...,T n ) k \\f\\ oc . 

Proof. Consider the free holomorphic function g :— — /. Note that \\g\\oo = 1 an d .9(0) = 0. According 
to the Schwarz lemma for free holomorphic functions (see Theorem 2.4 from [44j). we have 

\\g(X 1 ,...,X n )\\ < \\(X 1 ,...,X n )\\ k , (X 1 ,...,X n )e[B(H) n ] 1 . 

Denote r := w p (Ti, . . . , T n ) < 1, p > 0, and consider 

gr(X u ...,X n ) :=g(rX 1 ,...,rX n ), {X 1 ,...,X n ) e [5(H) n ]i. 

Note that the inequality above implies ||<? r ||oo < ' • Applying now Thcorcm l4.4l to g, and using the latter 
inequality, we obtain 

u> p (g(Ti>---> T »)) ^ llSrlloo <r k = uj p (T u . . . ,T n ) k . 
Hence, the result follows. □ 

Corollary 4.6. Let (Ti, . . . , T n ) € be such that w p (Tu ...,T„)<1, and let f : [B(H) n ]\ -> B(H) 

be a free holomorphic function with 5R/ < / and having the standard representation 

/(Xl, . . . , X n ) = Y a a x a, where k > 1. 

T/ien 

2cj p (T 1 ,...,T„) fe 



,(/(Ti,...,T„)) < 



l-u p {T x ,...,T n f 



Proof. According to the Caratheodory type result for free holomorhic functions (see Theorem 5.1 from 
[5Tj). we have 

■ • • , X n )\\ < ; ^' (A 1; . . . , A„) G [B(«) B ]i. 

Hence, we deduce that ||/ r ||oo < j^ttf f° r an y r e (0) !)■ Setting r := w p (Ti, . . . ,T„) < 1, p > 0, and 
applying Theorem 14. 4i we obtain 

w p (/(Ti,...,T n )) < HA-lloo < f— ^^-^^Mfc - 

1 ^pv^ 1 j ■ ■ ■ ) n ) 

The proof is complete. □ 
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Lemma 4.7. Let f := (fx, . . . , f m ) be a contractive free holomorphic function with ||/(0)|| < 1 such that 
the boundary functions fx, ... , f rn are in the noncommutative disc algebra A n . Let A := (Ax, . . . , A n ) € 

B(H) n and B := (B 1: . . .,B n ) E B(H) n be in the class C p C B(H) n and let c > 1. If A^B, then f(A) 

c 

and f(B) are in C Pf C B(TL) m and f(A)< f(B), where pf is given by relation (14. ip . 

Proof. First, note that, due to Theorem 14. 1[ f(A),f(B) are in C Pf , where pf is given by relation (|4.1[) . 
Let p £ C[Zi, ...,Z m ]<8> M fe , k € N, be such that $tp > on the unit ball [B(H)™]x. According to the 
proof of Theorem 14. 11 the boundary function of the composition p o / is p(fx, . . . , f m ) S A n ®minMk and 
5ff(j> o /) > 0. Using the free pluriharmonic functional calculus for the class C p and Theorem 12.21 if A, B 

H 

are in C p and A-< B, c > 1, then 

c 

(4.7) 5R(p o . . . , A n ) + (p - l)»(p o /)(0) < c 2 of)(B 1} ..., B n ) + (p - l)R(p o /)(0)] . 

Assume now that p > 1. Due to the Harnack type inequality (|4.3|) . the inequality (|4.7p implies 

K(po /)(A X , . . . , A n ) < c 2 n(pof)( Bl , . . . , B n ) + (c 2 - l)(p - i)Rp(0)i±JMJ, 

which is equivalent to 

n( P o f)(A 1: . . . , A n ) + (p f - l)»(p o /)(0) < c 2 [»(p o . . . , S n ) + ( Pf - l)R(p o /)(0)] , 

where £/ := 1 + (p - 1) i_ ||^(o)|j - A PPiying Theorem^ we deduce that f{A)< f(B). 

Now, we consider the case p S (0, 1). The inequality (|4.7p and the Harnack type inequality (|4.3p imply 



D \ , ,J 1W .M,1- 11/(0)11 



SR(po f)(A u ...,A n )< c^{pof){B u . . . , B n ) + (c z - l)(p - l)Kp(O)- 



l/(0)|| 



f (• in r" wlioro A . 1 J. fn _ 11 ±1 

11/(0)11' 

proof. □ 



As above, we deduce that f{A)'-<f(B) in C P/ , where J/ := 1 + (p — 1) 1+ |K(o)|j ■ This completes the 



Theorem 4.8. Let S p : A x A — * [0, oo) be the hyperbolic metric on a Harnack part A of C p , and let 
f := (/i,-..,/m) be a contractive free holomorphic function with ||/(0)|| < 1 such that the boundary 
functions fx, . . . , f m are in the noncommutative disc algebra A n - Then 

5 Pf (f(A),f(B))<6 p (A,B), A, Be A, 

where Pf is given by relation (|4.ip . 

Proof. Let A, B e A C C p , i.e., there is c > 1 such that A~B. According to Theorem 14.11 and Lemma 

c 

14.71 f{A) and f(B) are in C Pf , and f{A)~ f(B) in C Pf , where pf is given by relation (|4.ip . Hence and 
taking into account that 

5 P {A,B) := lninf |c> 1 : A% b\ , A, B e A, 

we deduce that 

5 PS {f{A),f{B))<5 p (A,B), A.B e A. 
The proof is complete. □ 

Now, we can deduce the following Schwarz type result. 

Corollary 4.9. Let S p : A x A — > [0, oo) be the hyperbolic metric on a Harnack part A of C p , and 
let f :— (/i, . . . , fm) be a contractive free holomorphic function with /(0) = such that the boundary 
functions fx, ... , f m are in the noncommutative disc algebra A n . Then 

S p (f(A),f(B))<S p (A,B), A, Be A. 
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We recall that, due to Theorem 13.21 the open ball [C P ]<i is the Harnack part of C p containing 0. 
Consequently, Theorem 14.81 and Corollary 14 . 9 1 hold in the particular case when A := [C p ]<i. 

Ky Fan [T3] showed that the von Neumann inequality 57J is equivalent to the fact that if T G B{TL) is 
a strict contraction (||T|| < 1) and / : P — > D is an analytic function, then ||/(T)|| < 1. A multivariable 
analogue of this result was obtained in |51j . In what follows, we provide a spectral version of this result, 
when the norm is replaced by the joint spectral radius. 

Theorem 4.10. Let f := [fx, . . . ,/ m ) be a contractive free holomorphic function with ||/(0)|| < 1 such 
that the boundary functions fx, ... , f m are in the noncommutative disc algebra A n . If (Ti, . . . , T n ) G 
B{TL) n and the joint spectral radius r(T\, . . . , T n ) < 1, then 

r{f{T u ...,T n )) < 1. 



Proof. Assume that (T\, . . . , T„) G B(H) n has the joint spectral radius r(Ti, . . . , T„) < 1. Taking into 
account that r(Ti, . . . , T n ) — lirrip^oo lu p (Ti, . . . , T n ), we find 8 > 1 such that w p (Tl, . . . , T n ) < 1. There- 
fore, we have T := (Ti, . . . , T n ) G C p and, due to Theorem 13 . 21 the n-tuple T is Harnack equivalent to 

0. Consequently, T< for some constant c > 1. According to Theorem 14.1) f(T) and /(0) are in the 

c 

class C Pf , where p/ is given by relation (|4.1[) . On the other hand, Lemma T4. 71 implies /(T)-< /(0) in C P/ . 
Since ||/(0)|| < 1, we have the joint spectral radius r(/(0)) < 1. Applying Theorem 12.51 we deduce that 
/(CTKO in C Pf . Therefore, we have /(T)^0 in C PJ . Applying again Theorem [231 we have r(f(T)) < 1. 
The proof is complete. □ 

An analogue of Theorem 14 . 1 01 for n-tuples of operators with joint operator radius u) p (Ti, . . . ,T„) < 1 
is the following. 

Theorem 4.11. Let f := (/i, . . . ,f m ) be a contractive free holomorphic function with ||/(0)|| < 1 such 
that the boundary functions fx,..., f m are in the noncommutative disc algebra An. If (Ti, . . . , T n ) £ 
B(H) n and u p (Tx, ...,T n )<l, then 

w Pf (f(Tx,...,T n )) < 1, 
where pf is defined by relation (|4.1[) . In particular, if /(0) = 0, then uj p (f(Tx, . . . ,T„)) < 1. 

Proof. UT := (Tx,..., T„) S B{H) n and U) P (T U . . . ,T„) < 1, then T £ C p . According to Theorem [321 
we have 

r(Tx, . . . , T„) < 1 and P p (T, R) > al 
for some constant a > 0. Applying Theorem 14.11 and Theorem 14. 101 we deduce that f{T) E C p . and 



H 



H 



r(/(T)) < 1. Since w p (T) < 1, Theorem 13.21 implies T ~ 0. In particular, we have 0-< T for some 



constant c > 1. Applying Lemma |4.7[ we deduce that /(0)^ /(T 1 ) in C p/ , where p/ is given by relation 
(|4.ip . Hence, and using Theorem 12.21 (part (ii)), we get 

P Pi (rf(0),R) < c 2 P Pf (rf(T),R), r G [0, 1). 

Since t(/(0)) < 1 and r(f(T)) < 1, the latter inequality implies 

(4.8) P Pf (f(p),R) <c 2 P Pf (f(T),R), rG [0,1). 

On the other hand, since the mapping A i— > Pi (X, R) is a positive free pluriharmonic function on 
[B(H) n ]x, the Harnack inequality (|3.ip implies 



A(/(o),P) > Mo,R) TTUm - i + n^o)^- 
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Therefore, we have 

P Pf (f(Q),R) = P 1 (f(0),R) + ( Pf -l)I 



Pf 



1 + 11/(0)117 



P i+ll/io)! if p < 1 

if p > 1, 



11/(0)1 


, 1-1 


1/(0)11 


11/(0)1 


I 1 1+1 


1/(0)11 



> 

Since 

i , i-||/(o)ll 

we have a > 0. Combining the latter inequality with ()4.8p we obtain 

P Pf (f(T),R)>^I. 

Using again Theorem 13.21 we deduce that u Pf (f(T)) < 1. The last part of the theorem follows from 
Theorem 14. II This completes the proof. □ 

Remark 4.12. If m = 1, all the results of this section remain true when the condition ||/(0)|| < 1 
is dropped if f is a nonconstant contractive free holomorphic function with boundary function in the 
noncommutative algebra A n ■ 



5. CARATHEODORY METRIC ON THE OPEN NONCOMMUTATIVE BALL [C 0C ]<1 AND LlPSCHITZ MAPPINGS 

In this section, we introduce a Caratheodory type metric dx on the open ball of all n-tuples of operators 
(Ti, . . . , T„) with joint spectral radius r{T\, . . . , T n ) < 1. We obtain a concrete formula for d^ in terms 
of the free pluriharmonic kernel on the open unit ball [Coo]<i- This is used to prove that the metric &k 
is complete on [Coo]<i and its topology coincides with the operator norm topology. 
We need some notation. Consider the noncommutative balls 

[C p ]<! ;={{X 1 ,...,X n )€B(H) n : w p (X lt . . . , X n ) < 1} for p 6(0,00], 
where ^(Xi, . . . ,X n ) := r{X±, . . . ,X n ) is the joint spectral radius of {X±, . . . ,X n ), and set 

[C P P° :=C p n[C 00 ] <1 for pe (0,oo). 
According to Theorem 1.35 from |48j . if p, p' € (0, oo], p < p' , then C p C C p > and, moreover, we have 
uAX) < 0J P (X), r(X) = Um u p (X), X e B{H) n . 

p— *oo 



Consequently, we have 

[c P r° c[cvr°, [c p \ <x c [c^<x. 

Due to Theorem 12.51 and Theorem 13.21 one can easily see that 

{X e C p : X Z 0} = [C„]<i C [C p r = jx € C p : X^O 
for any p € (0, oo). Note also that 

(j[<y<i= U[ c p^° = [ c -]<i- 

p>0 p>0 

Indeed, if X €E [Coo]<i, i.e., r(X) < 1, then taking into account that r(X) = lim^oo lo p (X), we find 
p > such that u> p (X) < 1. Thus X S [C p ]<i, which proves our assertion. Note also that 1J [C p ]<i is 

p>0 

dense (in the norm topology) in the set Coo of all rt-tuples of operators (Ti, . . . ,T„) with joint spectral 
radius r(T lt . . . ,T n ) < 1. 

Now, we introduce the map da '■ [Coo]<i x [Coo]<i — ► [0, oo) by setting 

(5.1) d K (A,B) = sup \\$tp{A)-$tp(B)\\, ABe[g<i, 

v 
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where the supremum is taken over all polynomials p € CLYi, . . . , X n ] M m , m G N, with 5ftp(0) = / and 
dip > on [B(Ti) n ]i. In what follows we will prove that cLk is a metric and obtain a concrete formula in 
terms of the free pluriharmonic kernel on the open unit ball [C DO ]<i. 
First, we need the following result. 

Lemma 5.1. Let G be a free pluriharmonic junction on [B(7i) n ]i with coefficients in B(£), such that 
G(0) = I andG>0. If A, B G [C 0Q ] <1 , then 

\\G(A) - G(B)\\ < \\P 1 (A,R)-P 1 (B,R)\\, 

where where Pi(X,R) is the free pluriharmonic Poisson kernel defined by 

oo oo 

Pi(X,R) :=Y.1>2 X <*® R *« + I ® I + J21>2 X «® R «> *e poo]<i, 
fc=l \ a \=k fc=l \a\=k 

and the convergence is in the operator norm topology. 

Proof. Since G is a positive free pluriharmonic function of [B(H) n ]i it has a unique representation of the 
form 

oo oo 

G{X 1 ,...,X n ) = Y J E K® A U +I ® I + Y. E x «®A (a) , Xe[B{H) n ] u 

fc=l \a\=k k=l \a\=k 

for some A^ G B{£), where the series converge in the operator norm topology. Applying Theorem 
5.2 from [17] to G, we find a completely positive linear map /j, : 7£* + 7?. n — > B(£) with = / and 
fi(Rl) = A (a) ]i\a\>l. 

Since A,Be [C p ]<i, we have r(A) < 1 and r(B) < 1. According to the free pluriharmonic functional 
calculus, P p (A, i?), P p (B,R), G(A), and G(-B) are well-defined and the corresponding series converge in 
the operator norm topology. Consequently, we have 

G(A) = (id ® fi)(Pi(A, R)) and = (id® n)(Pi(A,R)). 

Taking into account that fj, is completely positive linear map with fi(I) = I, we have 

\\G(A) - G(B)\\ < \\n\\\\P 1 (A,R)-P 1 (B,R)\\ = \Py{A,R) - Pi(B,R)\\. 
The proof is complete. □ 

According to Lemma 15.11 it makes sense to define the map d' K : [Coo]<i x [Coo]<i — > [0, oo) by setting 

d' K (A,B) := sup||u(A) - u(B)\\ < oo, 

u 

where the supremum is taken over all free pluriharmonic functions u on [B(7i) n ]i with coefficients in 
B(£ ), such that u(0) = I and u > 0. 

Using the the free pluriharmonic functional calculus for for n-tuples of operators (Ti, . . . , T n ) with the 
joint spectral radius r(T\, . . . , T n ) < 1, one can extend Proposition 3.1 from |49] and show that for any 

ASe[C 00 ]<i, 

d' K (A,B) = d K (A,B), 

where dx is defined by relation (|5.1[) . Since the proof is essentially the same, we shall omit it. 
Proposition 5.2. dx is a metric on [Coo]<i satisfying relation 

d K {A,B) = \\P 1 (A,R)-P 1 (B 1 R)\\, A, Be [C oc ] <1 . 
In addition, the map [0, 1) 3 r t— > dxirA^rB) G M + is increasing and 

d K {A,B)= sup d K (rA,rB). 

re[0,l) 

Proof. Using Lemma I5~T1 we deduce that d K {A,B) < \\Pi(A, R) - Pi(B,R)\\. The rest of the proof is 
similar to that of Proposition 3.2 from [IS], so we shall omit it. □ 

Now, we can prove the main result of this section. 
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Theorem 5.3. Let dn be the Caratheodory metric on [Coo]<i- Then the following statements hold: 

(i) the dK-topology coincides with the norm topology on [Coo]<i/ 

(ii) [C p ]^° is a da-closed subset of [Coo]<i for any p > 0; 

(iii) the metric dx is complete on [Coo]<i. 



Proof. We recall that the free pluriharmonic Poisson kernel is given by 



k=l \a\=k k=l \a\=k 

where the convergence is in the operator norm topology. Let Ra '■= A* ® R\ H + A* n ® R n be the 

reconstruction operator. Note that, due to the noncommutative von Neumann inequality, we have 

\\A-B\\ = \\R a -Rb\\ 

r 2n 



Now, Proposition 15.21 implies 
(5.2) 



— / e^P^e^R)- P^B^^R^dt 

< sup \\P 1 (A,e it R)-P 1 {B,e it R)\\ 

< \\P 1 (A,R)-P 1 (B,R)\\. 



\A-B\\<d K {A,B), A,Be[y<i, 



which shows that the d^-topology is stronger then the norm topology on [Coo]<i. Conversely, to prove 
that the norm topology on [Coo]<i is stronger than the dif-topology, note that since r(RA) = f(A) < 1 
and r(Rs) — r(B) < 1, the operators / — Ra and / — Rb are invertible. Thus 

d K (A,B) = \\P 1 (A,R)-P 1 (B 1 R)\\ < 2\\(I - Ra)- 1 - (I - Rb^W 

for any A,B £ [Coo]<i- Hence and due to the continuity of the maps X ^ I — Rx on B(H.) n and 
Y i ► Y^ 1 on the group of invertible elements in B(Tt ® F 2 (H n )), in the operator norm topology, we 
deduce our assertion. In conclusion, the d^-topology coincides with the norm topology on [Coo]<i. 

Now, to prove (ii), let {A^ := (A[ k \ . . . , A { n ] )}^ =1 be a d^-Cauchy sequence in [C p ]^° C C p . Due to 
inequality (|5.2|) , we deduce that {#)}^ 1 is a Cauchy sequence in the norm topology of B(TL) n . Since 
C p is closed in the operator norm topology, there exists T :— (T\, . . . , T n ) in C p such that \\T— A^ \\ — >• 0, 
as k — ► oo. 

Now let us prove that the joint spectral radius r(T) < 1. Since {A^}'^L 1 is a d^-Cauchy sequence, 
there exists k Q g N such that d K {A {k) , A^) < 1 for any k > k . On the other hand, since A^ e [Cp]* , 

i.e., A( fc °^0, Theorem |2~21 shows that there is c > 1 such that P^rA^.R) < c 2 5 for any r G [0,1). 
Hence, and due to the noncommutative von Neumann inequality, we deduce that 



(5.3) 



P p (rA^,R) < (\\P p (rAW,R)- P p (rA^ ka \ R)\\ + \\P p (rA (k °\ R^I 
< (d K (A ik \A ik ^) + \\P p (rA iko \R)\{)l < (l + c 2 6)I 



for any k > ko and r G [0, 1). 

We show now that rimfe_ ! . 00 P p {rA^ k \ R) = P p {rT,R) in the operator norm topology. First, one can 
easily see that, since T, A^ e C p , we have 

£T a T*<p 2 / and £ A™ A™ < p 2 I 

\a\=p \ct\=p 
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for any p,k = 1,2, Given e > and r 6 (0, 1), let m € N be such that Y^Lm P rP < §• Note that 

||P(rA (fc \.R) -P(rT, 



m— 1 

<^E 

P =i 

m — 1 



E ^ |Q| (4 fc) ~r Q )®i?t 



^E 

p—m 



= 2 



< 2 



E rP E(^ fe) - T «)(^ } - T ^ 

p=l |a|=p 



+ 2 



a | — p 
m—1 



^E 

p—m 



E^E^i fer 

p=l |a|=p 



m— 1 

E- p E T « T «* 

p=l \a\=p 



m — 1 



E rP E^-^)^-^ 



for any fc = 1,2, . . .. Since —> T in the norm topology, as — * oo, and using the results above, 
one can easily deduce that lim^oo P p {rA^ k \ R) = P p (rT, R) for each r 6 [0, 1). Now, taking k — ► oo in 
inequality (|5.3p , we obtain P p (rT, R) < (1 + c 2 <5)/ for r € [0, 1). Applying Theorem 12.21 we deduce that 

T-< 0. Now, Theorem 12.51 implies r(T) < 1, which shows that T is in [C p ]^° and, therefore, in [C 00 ] < i, 
which proves part (ii). 

It remains to prove part (iii). To this end, let {A^ := {A^\ . . . , An)}'^L 1 be a df<-Cauchy sequence 
in [Coo]<i. Given e > 0, there exists ko > 1 such that dx{A^ k \ A^) < e for any k,j > ko. Then we have 

(5.4) d K (AW,0) < c:=d K (A^°\0) + e for any k > ko- 

Hence, and due to the definition of dx, we have ||tt(A( fe )) — u(0)|| < c and, consequently, 

u(A {k) ) < (\\u(A {k) -u(0)\\ + l)I < (c+l)u(G) for any k > k 

and for any positive free pluriharmonic function u on [B{TL) n ]i with coefficients in B{£) such that 
u(0) = J. 

Now, for each k > ko, fix p k > 1 such that S [C P J^°. Note that the inequality above implies 

u(A^) + ( Pk - l)u(0) < p fc (c + l)u(0) 
for all k > kg. Applying Theorem 12.21 and using relation (|5.4|) , we obtain 

||i ,Aw|| 2 <d K (A^\Q) + e + l, k>k . 

Consequently, we have 



(5.5) 



1 < e := sup ||i ,A< fc )ll < °°- 

k>kn 



Since {A™} is a G?if-Cauchy sequence, there exists mo > ko such that dx(A^ m \A^ m ^) < for any 
m, m! > rriQ. Using now relation (|5.5[) . we obtain 

1 



(5.6) 



d K {A^ m \ A^ no) ) < 



2 L 



4( m o) 



2 ' 



k > mo- 



Since A^ E [C Pmo ]^°, TheoremEUimplies r{A^) < 1. On the other hand, since lim^oo u p (A<- m ^) = 
r(j4( m °)) < 1, there exists p mo > such that w p (A^™ )) < 1 for any p > p mo . We can assume that 



(5.7) 



Pm > 



II 



A( m o),0l 



Jlo,A<™o) 

Using Proposition 15 . 21 and relation (|5.6[) . we deduce that 
(5.8) P Pmn (A^ m °\ R) < P Pmn (A<*> , R) + 



2 \\L 



k > m . 



0,yl( fc ) I 
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On the other hand, since uj pmg {A^ ma ^) < 1, Theorem 13.21 implies A^ m °' £> in C p . Consequently, we 
have 0-<A( m °\ which due to Theorem 12. 2[ implies 

Pmo l = P Pmo (o,R) < \\L A{ma)fi \\ 2 P Pm M (mo) i R )- 

Combining this with relation (|5.7[) . we get 

p '-° (A ™ R)> -wd^F L 

Hence, and due to (|5.8p . we have 

P (A {k \R)>- —I>—I. 

Pm ° 2||L 0iA(mo) ||a " 2e 

Applying Theorem D£l we deduce that ~ and A^ e C PmQ . Therefore, A^ e [C Pmo ]^° for all 
k > mo and the sequence {A^}k>m is a dK-Cauchy sequence in [C Pm J^ . Due to part (ii), there exists 
A e [C Pm ] x0 C [Coo]<i such that dx (A^ k \ A) — > 0, as k — > oo, which proves that dpc is a complete metric 
on [Coo]<i- The proof is complete. □ 

We can provide now a class of Lipschitz functions with respect to the Caratheodory metric on [C QO ] < i. 

Theorem 5.4. Let f := • • • , /m) & e a contractive free holomorphic function with ||/(0)|| < 1 swc/i 
i/iai </ie boundary functions f\, . . . , /,„ are m tte noncommutative disc algebra A„ . Then 

d K (f(A)J(B)) < l±MM dK (A,B) 

for any n-tuples A := (A%, . . . , A n ) and B :— [B\, . . . , B n ) in [Coo]<i. 

Proof. According to the maximum principle for free holomorphic functions with operator-valued coeffi- 
cients (see Proposition 5.2 from [5*0]). the condition ||/(0)|| < 1 implies that ||/(X)|| < 1, X € [B(H) n ]i. 
If u is a free pluriharmonic function on [B(H.) m }i, then Theorem 1.1 from [51] shows that u o f is a free 
pluriharmonic function on [B(H) n ]i. If, in addition, u is positive, then u o f is also positive. 

Assume now that A and B are in [C oc ] < i. Due to Theorem 14.101 f{A) and f(B) are in [C QO ]<i. Let 
p € C[Xl, . . . ,X m ] <g> Mfe, fc S N, be a matrix- valued noncommutative polynomial with 5Rp(0) = / and 
dip > on [5(7^)™]!. According to the Harnack type inequality (|4.3[) . we have 



1 + 11/(0)11 - — --i-||/(o)|| • 

Since ||/(0)|| < 1, we deduce that 3?p(/(0)) is a positive invertible operator of the form I-j-l® A for some 
A e M k . Define the mapping h : B(H)® min M k by setting 

:= [%(/(0))]- 1 / 2 5Rp(/(X))[%(/(0))]- 1 / 2 , X e [B(«) n ]i- 

Note that /i is a positive free pluriharmonic function on [_B(7i)"]i with coefficients in Mk with the property 
that h(0) — I. Now, using the above-mentioned Harnack type inequality, we have 

\\$lp(f(A))-Up(f(B))\\ 

< || [$W(0))] 1/2 || ||[Kp(/(0))]- 1/2 (Hp(/(A)) - Hp(/(i?))) [KK/(0))] 1/2 || l|[^(/(0))] 1/2 || 

<||[^(/(0))]||||MA)-MS)II 
i + ||/(o)|| / , m 

Taking the supremum over all polynomials p e C[Ai, . . . , X m ] ® fc € N, with 5Rp(0) = / and 5Rp > 
on [B(H) m ]i, we obtain 

d K (f(A)J(B)) < l±MM dK (AB), 
which completes the proof. □ 
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Corollary 5.5. Let f := (fx, . . . , f m ) be a contractive free holomorphic function with /(0) = such that 
the boundary functions fx, ... , f m are in the noncommutative disc algebra A n . Then 

d K (f(A),f(B))<d K (A,B) 

for any A, B £ [Coo]<i- 

We remark that, using Corollary 11.21 and the remarks preceding Corollary 12. 4i one can easily obtain 
the following result, which provides a simple example when the inequality of Theorem 15.41 is an equality. 

Corollary 5.6. 7/ 1 < m < n, let A := (Ax,.. ., A m ) £ B(H) rn and B := (B l: B m ) £ B(H) m be in 
[Coo]<i and let A := (Ax, . . . , A m , 0, . . . , 0) and B := (Bx, . . . , B m , 0, . . . , 0) be their extensions in B(Ti) n , 
respectively. Then 

d K (A,B) = d K (A,B). 

According to Theorem 15 . 31 the dx -topology coincides with the norm topology on [C oc ]<i. Due to 
Theorem l5.41 we deduce the following result. 

Corollary 5.7. Let f := (fx, . . . , f m ) be a, contractive free holomorphic function with ||/(0)|| < 1 such 
that the boundary functions fx , . . . , f m are in the noncommutative disc algebra A„ . Then the map 

[Coo]<l 9 (Tx, T„) I— > f(Tx, T n ) £ [Coo]<i 

is continuous in the operator norm topology, where [Coo]<i is the corresponding ball in B(Ti) n and B(TL) m , 
respectively. 



6. Three metric topologies on Harnack parts of C p 

In this section we study the relation between the £) p -topology, the eiif-topology, and the operator norm 
topology on Harnack parts of C p . We prove that the hyperbolic metric 5 P is a complete metric on certain 
Harnack parts of C p , and that all the three topologies coincide on [CJ<i. In particular, we prove that 
the hyperbolic metric d p is complete on the open unit unit ball [C p ]<i, while the other two metrics are 
not complete. 

First, we mention another formula for the hyperbolic distance that will be used to prove the main 
result of this section. If / £ A n ® m inM m , m £ N, then we call 3?/ strictly positive and denote dif > 
if there exists a constant a > such that 3?/ > al. We remark that, in this case, if (Tx, . . . , T n ) £ C p , 
then, using the functional calculus for the class C p , we deduce that 

$tf(Tx,...,T n ) + (p-l)Rf(0)>paI. 

The proof of the next result is similar to that of Proposition 3.5 from [JS], but uses the functional 
calculus for the class C p and Theorem l2.2l of the present paper. We shall omit it. 

Proposition 6.1. Let A := (Ax, . . . , A n ) and B := (Bx, ■ ■ • , B n ) be in C p such that A ~ B. Then 



(6.1) 



S P (A,B) = isup 



In 



(m(Ax,...,A n ) + ( P -mf(o)]x,x) 



(llRf(Bx,-..,B n ) + (p-l)$tf(0)]x,x) 



where the supremum is taken over all f £ A n ® M m , m £ N, with 3?/ > and x £ TL ® C m with x =/= 0. 

We remark that, under the conditions of Proposition 16. 1( one can also prove that relation (|6.ip holds 
if the supremum is taken over all noncommutative polynomials / £ C[Xx, . . . , X n ] £g> M m , m £ N, with 
3?/ > 0, and x £ H <E> C m with x^0. 

The main result of this section is the following. 



Theorem 6.2. Let S p , p > 0, be the hyperbolic metric on a Harnack part A of [C t 
properties hold: 

(i) 5 P is complete on A; 



H0 



Then the following 



HYPERBOLIC GEOMETRY ON NONCOMMUTATIVE BALLS 



33 



(ii) the Sp-topology is stronger then the oIk -topology on A; 

(iii) the Sp-topology, the dx-topology, and the operator norm topology coincide on [C p ]<i; 

(iv) [C p ]<i is complete relative the hyperbolic metric, but not complete with respect to the Caratheodory 
metric dx and the operator metric. 

Proof. Let A := (Ai, . . . , A n ) and B :— (_B l5 . . . , B n ) be n-tuples in a Harnack part A of [CJ^°. Then A 
is Harnack equivalent to B and 

*tf{A u . . . ,A n ) + (p - l)R/(0) < A P (A, Bj 2 {$tf(B u ...,B n ) + (p- l)»/(0)] 

for any / g A n ®minMm with 3?/ > 0, where A p (^4, P) is defined by (|3 . 3[) . Hence, we deduce that 

(6.2) . . . , An) - %tf(B u ...,B n )< [A p (A, B) 2 - l][3*/(Pi, . . . , B n ) + (p - l)»/(0)]. 

Since B~<0, we have the joint spectral radius r(P) < 1, so the p-pluriharmonic kernel P p (B,R) makes 
sense. Due to the fact that the noncommutative Poisson transform id (g> P r R is completely positive, and 
P P (B,S) < \\P P (B, R)\\I, one can easily see that 

P P {rB,R) = (id ®P rR )[P P (B, S)] < \\P P (B,R)\\I 
= - p \\P p (B,R)\\P p (0,R) 

for any r g [0, 1). Using the equivalence (ii) *-* (iii) of Theorem 12.21 when c 2 = i||P p (P, P)||, we obtain 
Mf(rBi, rB n ) + (p - l)5R/(0) < ||P p (P, P)P/(0) for any r g [0, 1). Letting r -> 1, in the operator 
norm topology, we deduce that 

. . . , B n ) + (p- l)K/(0) < ||P P (B, P)||3?/(0). 

Hence, and using relation (|6.2[) . we obtain 

. . . , A n ) - . . . , B n ) < [A P (A, B) 2 - 1}\\P P (B, fl)||R/(0). 

We can obtain a similar inequality if we interchange A with B. If, in addition, we assume that 3^/(0) = /, 
then we obtain 

-tl < mf(Ai, . . .,A n ) - . . • , Bn) < tl, 

where i := [A, (A, P) 2 -l] max{||P p (A, P)||, ||P P (P, R)\\}. Since ... ,A n )-K/(Pi, B n ) is a self- 

adjoint operator, we get ||SR/(Ai, . . . , A„) — 5R/(Pi, . . . , P n )ll < Hence, we deduce that dx(A,B) < s. 
As a consequence, we obtain 

(6.3) d K (A,B) <nv^{\\Pp(A,R)U\P p (B,R)\\}(e 2& ^ A ^ - l) . 

Let us prove that <5 p is a complete metric on A. To this end, let {A^ := (A± , . . . , A n )}^-i C A be 
a (5 p -Cauchy sequence. First, we prove that the sequence {||Pp(^4' fc \ P)||}^L! is bounded. Given e > 0, 
there exists ko S N such that 

(6.4) 6 p (AW,A<p>) < e for any k,p > k . 

Let / g A n ® m inM m with Re / > 0. Since A^'^O and 

P p (rA^\R) < - p \\P p (rA^\R)\\P p (0,R), 

Theorem 12.21 implies 

Mf(A^) + (p- l)R/(0) < l -\\P p (rA^\R)mf(0) + (p - l)B/(0)]. 

On the other hand, since AW " A<- k °\ Theorem O implies 

ft/(A( fc >) + (p- l)ft/(0) < A p (AW,A( fc ^) 2 [3fJ/(A( fco )) + (p - l)»/(0)]. 
Combining these inequalities, we obtain 

(6.5) Uf(A^) + (p- l)K/(0) < c 2 i[3?/(0) + (p - 1)31/(0)], 
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where c := \\P p (A^ k °\ R)\\^ 2 A p (A^, A^), for any / € A n ® M m with 3?/ > 0. 

Consequently, due to Theorem 12. 21 we have ||P p (A( fc ),E)|| < c 2 for any k > kg. Combining this with 



relation (16.41). we obtain 



\\P P {A^,R)\\ < \\P p (A^,R)\\e 2e 

for any k > fco. This shows that the sequence {||P p (j4( fe ), R)\\}^i is bounded. Consequently, inequality 
(|6.3p implies that {A^ fe ^} is a d^-Cauchy sequence. Due to Theorem l5.3[ there exists A := (Ai, . . . , A n ) G 
[C P Y-° such that 

(6.6) d K (A^\A)^0 as k -f oo. 

In what follows, we prove that A £ A. Let / € A n ® Af m with 3?/ > and 9?/(0) = 7. Taking into 
account relations (16.51) and (16.41). we have 



R/(4<*>) + (p- l)R/(0) < A p (A( fc \^ fe °>) 2 [D?/(,#°>) + (p- l)»/(0)] 

<e 2e [K/(A( fc °)) + (p-l)K/(0)] 

for fc > fco. According to relation ()6.6|) and the definition of d,K, 3fJ/(A fe ') — > ^Stf(A), as fc — > oo, in the 
operator norm topology. Consequently relation (|6.7[) implies 

(6.8) R/(A) + (p - l)R/(0) < e 2 ^f(A {ko] ) + (p - l)R/(0)]. 

Such an inequality can be deduced in the more general case when / £ „4„ ® M m with 3?/ > 0. Indeed, 
for each e' > let 5 := e'l + /, Y := %(0), and := y-V2 5 y-i/2. Since % > and 3?<p(0) = I, we 
can apply inequality (|6.8[) to ip and deduce that 

pe'7 + R/(A) + (p - 1)31/(0) < e 2e Ipe'J + 3fi/(A^^) + (p - 1)81/(0) 

for any e' > 0. Letting e' — > 0, we get 



(6.9) R/(A) + (p - l)R/(0) < e 2 ^f{A^) + (p - 1)3?/ (0)] 
for any / € A» ® M m with 3?/ > 0. Therefore, 

(6.10) A"A^ ko \ 
On the other hand, since 

^(feo)^^(fe) f or 

any fc > fco, Theorem 12.21 and relation (|6.4[) . imply 

3?p(^ (feo) ) + (p- l)8fep(Q) < A,(A<H^ (fc) ) a pip(4 (i,) ) + (p- l)Rp(0)] 

<e 2e [3fip(A( fe )) + (p-l)3fJ(0)] 

for fc > fco and any polynomial p G C[Ai, . . . , X„] ® M m , m G N, with 3?p > 0. According to Theorem 
15.31 the (Ik -topology coincides with the norm topology on [C p ] x0 . Therefore, relation (|6.6p implies 
A( k ) _> A € [C p ]^° in the operator norm topology. Taking the limit, as fc — > oo, in the inequality above, 
we deduce that 

(6.11) 3?pCA (M ) + {P~ 1)%(0) < e 2e [^.p{A) + (p - l)Kp(0)] 

for any p G C[Xi, . . . ,X n ] ® M m with 3?p > 0. Consequently, we get A( fe °)^A Hence, and using 

relation (|6.10p . we obtain A^ A^ k °\ which proves that A G A. The inequalities (|6.9p and (|6.1ip im- 
ply A p (A (fc()) , A) < e 2c . This shows that <5 p (A (fco) , A) < e, which together with relation l|6.4p imply 
5 p {A^ k \A) < 2e for any fc > fc . Therefore, 8 p {A^ k \A) — > 0, as fc — > oo, which proves that <5 p is a 
complete metric on the Harnack part A. Note that we have also proved part (ii) of this theorem. 

In what follows, we prove part (iii). To this end, assume that A and B are n-tuples of operators in 
[C p ]<i. Due to TheoremEHl PJB, R) is a positive invertible operator. Since P p (B, R)- 1 < \\P P {B, 
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we have / < \\P P (B,R) \\P P (B,R), which, applying the noncommutative Poisson transform, implies 

H 

[±J ul ( ,.it n% r.... ...... n ii ti •> •> ..... i. „i,...,, i i. ... i 



I < \\P P (B, R^WPpirB, R) for any r £ [0, 1). By TheoremCH we deduce that 0^ B and 



R/(0) < llPp^E)- 1 !) [K/(P) + (p- l)K/(0)] 
for any / £ ,/4. n ® M m with 5R/ > 0. If, in addition, 5R/(0) = I, then the latter inequality implies 

< IIP^S,^)- 1 ||dx(^,S) 
for any x EH® C m , a; 7^ 0. Consequently, we have 

(Wf{B) + (p-l)Mf{0)}x,x) 
A similar inequality can be obtained interchanging A with B. Combining these two inequalities, we get 
(W(A) + (p-l)$tf(0)]x,x) 



(6.12) 



I11 - 



$tf(B) + (p-l)Xf{0)]x,x) 



<]n(l + max{\\P p {B,R)- 1 \\,\\P p (A,R)- 1 \\}d K {A,B)) 



Now, we consider the general case when g £ A n <S> M m with dig > 0. Note that Y := 5ig(0) is a positive 
invertible operator on Ti(^C m and / := y -1 / 2 gY^ 1 / 2 has the properties 3?/ > and 3?/(0) = P Applying 
inequality 16TT2]) to / when x := F~ 1/2 ?/, yEH® C m , and y ^ 0, we obtain 

(6.13) 25 p (A,B)<\n(l + m ax {\\P p (B,R)- 1 \\,\\P p (A,R)- 1 \\}d K (A,B)) . 

Consider a sequence {A^)}^ of elements in [C p ]<i and let A £ [C P ]<i be such that dfc(A^ k \ A) — > 0, 
as — > 00. By Proposition 15. 2( we deduce that P p (A( fc ),P) — > P p (A, i?) in the operator norm topology. 
On the other hand, due to Theorem 13. 2\ the operators P(A^ k \R) and P(A,R) are invertible. Hence, 
and using the well-known fact that the map Z 1— ► Z^ 1 is continuous on the open set of all invertible 
operators, we deduce that P p {A^ , i?) -1 — > P p (A,R)^ 1 in the operator norm topology, as k — > 00. 
Hence, we deduce that the sequence {\\P p (A^- k \ R)~ 1 \\}'f^ 1 is bounded. Consequently, there exists M > 
with ||P p (A( fc \i?) _1 || < M for any k £ N. Using inequality (|6TT3|) . we obtain 



2(5 p (A( fc \A) < ln(l + Md x (>l (fc) ,A)) , fc e N. 



Since d K (A( fe \ ,4) -► 0, as k — ► 00, the latter inequality implies that 5 p (A^ fc \A) — > 0. Therefore, the 
rfx-topology on [C p ]<i is stronger than the <5 p -topology. Due to the first part of this theorem, the two 
topologies coincide on [C p ]<i- Using now Theorem 15. 3[ we complete the proof of part (in). 

Now, we prove item (iv). Since [C p ]<i is the Harnack part of (see Theorem I3.2p . part (i) implies 
its completeness with respect to the hyperbolic metric. To prove that [C P ]<i is not complete with 
respect to the Caratheodory metric dx and the operator metric, we consider the following example. 
Let (Ti, . . . ,T n ) £ B(Pi) n be the n-tuple of operators defined by p := P-p 1 Si\-p 1 , i — 1, ... ,n, where 
Pi := span{e Q : \a\ < 1}. Note that ||[Ti, . . . ,T n ]\\ = 1 and T a = for any a £ F+ with \a\ > 2. Set 
Xi := pp, i = 1, . . . , n, and note that 

Xp = pTp = pP Pl Sp\ Vl , /3eF+\{ 50 }. 

Therefore, (X\, . . . , X n ) £ C p , i.e., u p (Xi, . . . , X n ) < 1, which implies w p (Pi, . . . , T n ) < -. The reverse 
inequality is due to the fact that ||[Pi, . . . ,T n ]\\ < puiJTi, ...,T n ). Consequently, we have 

u! p (Ti,...,T n ) = -, for p £ (0,oo). 
P 

On other hand, the condition T a = if \a\ > 2 implies r(p, . . . , T n ) = 0. Therefore, we have 

oj p (X 1 ,...,X n ) = l and r(X 1 ,...,X n )=0. 



36 



GELU POPESCU 



Now, let c G (0, 1) and define := c^ k (X u . . . , X n ) for k = 1, 2, . . . . Since w p (YW) = c 1 /™ < 1, 

Theorem O implies " in C p and G [C p ]<i. On the other hand, since u> p (Xi, . . . , X ri ) — 1, 
we have X := (X 1: . . . , X n ) ^ [C P ]<i- Now, note that 

d K (Y^ k \X) < 2\\(I-R YW )- 1 - (I-Rx)- 1 ]] 

= 2\\R YW -Rx\\ = 2\\Y^ - X\\ = 2||Xj|(l - c 1 /*). 

Consequently, — » X in the operator norm and dxiX i-^-) ^ 0, as fc ^ oo. This shows that 
[C P ]<i is not complete with respect to the Caratheodory metric dx and the operator metric. The proof 
is complete. □ 

Corollary 6.3. Let 5 P be the hyperbolic metric on a Harnack part A of [C p ]^°. Then 

d K {A,B) < max{\\P p (A,R)\\,\\P p (B,R)\\} ( e 2 M^ B ) - l) , A,B G A. 

//, in addition A, B G [C p ]<i, then 

2S P (A, B) < In (1 + max{||P p (B, R)' 1 || , \\P p (A, R^^d^A, B)) . 

Corollary 6.4. Let f :— (/i, . . . , f m ) be a contractive free holomorphic function with ||/(0)|| < 1 such 
that the boundary functions ft, ... , f m are in the noncommutative disc algebra A n . If A is a Harnack 
part of [Cp]^ , then the map 

A 3 (Ti, . . . , T n ) h-> /(Ti, T„) G [C Pf ]^° 

is continuous with respect to the hyperbolic metric S p on A and the Caratheodory metric dx on [C p J , 
where pf is defined by relation (|4.ip . In particular, tha map 

[C p ]<i 3 (Ti, . .. ,T n ) » /(Ti, . . . , T n ) G [C Pf Ui 

is continuous with respect to the hyperbolic metric. 

7. Harnack domination and hyperbolic metric for ^-contractions (case n = 1) 

In this section, we consider the single variable case (n = 1) and show that our Harnack domination of 
p-contractions is equivalent to the one introduced and studied by Cassier and Suciu in [9]. We recover 
some of their results and obtain some results which seem to be new even in the single variable case. 

In the particular case when n = 1, the free pluriharmonic Poisson kernel P p (rY, R),r G [0,1), coincides 
with 

oo 

Q p {rY, U) := rky * k ®U k + pI<S>I + J2 ® U * k > Y eC p C B{H), 

k=l k=l 

where the convergence of the series is in the operator norm topology and U is the unilateral shift acting 
on the Hardy space H 2 (T). For each p-contraction T G B{7i), consider the operator- valued Poisson 
kernel defined by 

oo oo 

K p (z,T) :=^Tz k T* k + pI + ^rz k T k , z G D, 
fc=i fc=i 

which was employed by Cassier and Fack in [8]. Using Theorem 12.21 in the particular case when n = 1, 
we can prove the following result. 

Proposition 7.1. Let T and T' be two p-contractions in B(Tl) and let c > 1. Then the following 
statements are equivalent: 

(i) t"t'; 

(ii) Q C p (rT, U) < c 2 Q p (rT, U) for any r G [0, 1); 

(iii) Kp(z,T) < c 2 K p (z,T') for any z G D. 
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Proof. The equivalence (i) *-* (ii) follows from Theorem 12. 2\ when n = 1. To prove the implication 
(ii) {Hi), we apply the noncommutative Poisson transform (when n = 1) at e lt I to the inequality 

of part (ii). Consequently, we obtain 

K p (re lt ,T) = (id ® P e uj)[Q p (rT, U)\ < c 2 (id <g> P e , t j)[Q p (rT' , U)} = c 2 K p (re lt ,T') 

for any r £ [0, 1) and tsR. Now let us prove that (Hi) => (ii). Since 

h T * k ®U k )(h m ®e imt ) ,h p ®e l A = ^~! (e ikt T* k (e imt h m ) i e i * t h p ) dt 

for any h m , h p £ TL and k,m,p € N, one can easily obtain 

((c 2 Q p (rT',U) - Q P (rT,U)) h(e lt ),h(e u )) n ^ 2(T) = i- jf {(c 2 K p (re il ,T') - K p (re lt ,T)) h(e*),h(e*)) n 

for any function e lt i— > h(e lt ) in 7i g) if 2 (T). Now, the implication (m) (ii) is clear. The proof is 

complete. □ 

Let T, T" € B(H) be p-contractions such that T " T . Due to Proposition [H] and Corollary E31 we 
deduce that 

\\L T ',t\\ = inf{c > 1 : Q p (rT, U) < c 2 Q p (rT', U) for any r £ [0, 1)} 
= inf{c > 1 : K p (z, T) < c 2 K p (z, T') for any z £ ©} 
= inf{c>l: K p (z,T*) < c 2 K p (z,T'*) for any z e D} = ||i T '*,r*||- 

Therefore T X T' if and only if T* ^ T"*. 

Theorem 7.2. Lef T,T' e 6e such that T,T' £ [C p ]<i. TTiera 

||L T ',t|| = sup || A PiT ,.(z)-Hl ~ zT'*)(I - IT*)"^. (*)||, 

w/iere 

A p , T (z) := [pj + (1 - p)(zT* + zT) + (p - 2)TT*] 1 / 2 , zeD. 

Moreover, 

<5 P (T,T') = In max { || L t ,t- II , ||£t',t||} • 

Proo/. If T,T £ [C p ]<i, Theorem EU implies 

||L T ,. T || = \\L T „, T .\\ =sup||A p , T ,(z)(/-zT)- 1 (/-zr')A p , T ,.(z)- 1 || 

= sup || A Pi3 v. (^(J - 2T")(J - zT*)- 1 A p . r . (z)||. 



Using now Theorem 13.51 we complete the proof. □ 

We mention that when p = 1, we recover a result obtained by I. Suciu [53], using different methods. 
However, if p > and p ^ 1, the result of Theorem l7. 21 seems to be new. We also remark that Proposition 
13.121 . Proposition [521 an d P ar t (i) of Theorem 15.31 are new even in the single variable case (n = 1). 

The next result makes an interesting connection between the Harnack domination for n-tuples of 
operators in C p and and the Harnack domination for p-contractions (n = 1), via the reconstruction 
operator. 

Theorem 7.3. Let A := (A\, . . . , A n ) and B := (B\, . . . , B n ) be in C p and let c > 0. Then the following 
statements are equivalent: 

(i) A^B; 

C 

(ii) Ra~< Rb) where Rx '•= X* R\ + • • • + X* R n is the reconstruction operator associated with 

c 

X := (Xi, . . . , X n ) £ C p and the right creation operators . . . , R n . 
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(iii) R* A ^R%. 

c 

Proof. First, assume that item (i) holds. Due to Theorem 12.21 we have 

(7.1) P P (rA,S) <c 2 P p (rB,S) 

for any r g [0,1), where S :— (Si,...,S n ) is the n-tuple of left creation operators. Let U be the 
unilateral shift on the Hardy space H 2 (T). Since R*Rj = 5 io I, the n-tuple (i?i <g> U* , . . . , R n <g> U*) is 
a row contraction acting from \F 2 (H n ) eg) H 2 (T)] n to F 2 (H n ) Cg> H" 2 (T). Applying the noncommutative 
Poisson transform at (i?i ® {/*,..., i?„ <g> {/*) to inequality (|7.1| . we obtain 

Q p {rR A ,U) = (idOP (Rl8C7 .,...,fl„ 8 a*)) [^(rA.S)] 

< c 2 (id (8 P( filW .„.. AW *)) [Pp(r--B, 5)] = c 2 Q p (rR B , U) 

for any r € [0, 1). Using Proposition 17. 1( we obtain that i?^^ ^s- Now, assume that (ii) holds. Propo- 

c 

sition 17.11 implies 

(7.2) K p (re u ,R A ) < c 2 K p (re u , R B ) , r e [0, 1) and t G M. 

Taking t = 0, we obtain P p (rA,R) < c 2 P p (rB, R) for any r € [0, 1), which, due to Theorem 12.21 implies 
A< B. The equivalence (ii) <-> (iii) is a consequence of Proposition l7.il and the fact that inequality (17. 2\i 

c 

is equivalent to 

K p (re u ,R A ) < c 2 K p (re lt , R* B ), r € [0, 1) and < € M. 
This completes the proof. □ 

We remark that, according to Theorem 13.41 and Corollary |2.3l we have 

\\L b ,a\\ = \\C P , A C- B \\ = inf{c > 1 : P p (A,R) < c 2 P p (B,R)} 
for any A,Be [C p ]<i, where C P _ A is defined in Theorem 13.41 

Corollary 7.4. If A, B are n-tuples of operators in [C p ]<i, then \\Lb.a\\ = \\Lr b .b, a \\ = \\Lb* b .r* a II • 
Moreover, S p (A,B) = S p (R A ,R B ). 
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